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challenges

Oswaldo Morales-Népoles

Hydraulic Engineering, Delft University of Technology, The Netherlands.

E-mail: o.moralesnapoles @ tudelft.nl

Vine copulas are sequences of trees used to represent graphically multivariate probability distributions constructed
from bivariate components. Chimera is the name of the catalogue developed at TU Delft, containing all possible tree
sequences with up to 8 nodes. The catalogue is presented in a database consisting of more than 663 million matrices.
In this paper, we succinctly review the development of Chimera, illustrate recent research using it for simulation
studies, and highlight future research directions, also involving simulation studies. We conclude by discussing its
potential significance for advancing risk and reliability analysis.
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1. Introduction

One of the requisites for a PhD graduation at
the TU Delft is that the candidate should submit
several propositions related to the research to be
defended. These propositions should be defend-
able and, more importantly, opposable. One of the
propositions proposed for defence in 2010 was:
”The construction of a large data base with all
possible labelled regular vines on n nodes for a
sufficiently large n that includes all known graph-
ical properties is, at this stage, as important for
applications as algorithms for generating them”.
This database, which was named Chimera (see
Fig. 1), was finally presented in Morales-Ndpoles
et al. (2023). Since 2010, the belief that Chimera
constitutes an essential tool to continue the study
of vine-copulas has not only remained unchanged
but has been further reinforced.

Some of the main motivations to build Chimera
are: (i) the number of regular vines grows ex-
tremely quickly with the number of nodes (vari-
ables), and the availability of substantial number
of regular vines for practitioners and researchers
is advantageous, (ii) The graphical properties
of regular-vines and their relation to the multi-
variate distributions they realize remains under-
investigated, and Chimera can be used to ad-
dressing this gap systematically, (iii) heuristics,
algorithms, and hypotheses from either simplified

and non-simplified vine copulas can be “experi-
mentally” tested using Chimera. These three argu-
ments are not mutually exclusive nor exhaustive.
They provide context regarding the conception
and potential of Chimera.

REGULAR VINES ATLAS

Fig. 1.

Logo of Chimera.

Throughout the remainder of this paper, the
three points outlined above will be addressed. The
paper starts with some basic concepts to make the
reading self-standing. Simulation studies recently
conducted at the TU Delft using Chimera are il-
lustrated and future research directions discussed.
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4,2]1,3,5

Fig. 2. Six examples of regular vines for each equiv-
alence class; a) corresponds to a D-vine; 77 is isomor-
phic for b), ¢) and d); ¢) and d) are tree-equivalent but
in different equivalence classes, 7 is isomorphic for e)
and f); f) is a C-vine.

2. Basic concepts

In this section basic concepts are introduced in an
informal way. For a formal treatment, the reader
is referred to Joe (2014) or Czado (2019). A tree
is a connected graph with no cycles. A vine is a
sequence of trees 77, . .., T, 1 such that the edges
of T; become nodes of T4 fori =1,...
If additionally, all edges in 7; connected as nodes
in 7541 are adjacent to a common node in 7; then
this is a regular vine. For an edge in a vine, the
constraint set is the set of nodes that the edge
is incident to, and which constrain future edge
selection. The conditioned set is the intersection
(pair) of nodes of two constraint sets, and the
conditioning set is the remainder of the constraint
set that provides the context for their conditional
dependence. In Fig. 2, six regular vines are pre-
sented. The conditioned set is presented to the left
of the vertical line and the conditioning set to the
right

When 17, ...
the same type of tree structure in different regular

,n— 1.

,T,,—1 are isomorphic, that is, of

vines they are tree-equivalent. When vines can
be transformed into one another by permutation
they are in the same equivalence class. Fig. 2
presents the six non-equivalent classes of regular
vines on 5 variables. Notice that 2a) corresponds
to a D-vine; 2¢) and 2d) are tree-equivalent but in
different equivalence classes, and 2f) is a C-vine.
The number of regular vines per equivalence class
is presented in Table 1.

Table 1.
lence class.

Number of regular vines per equiva-

Equivalence class Number of regular vines

a) 60
b) 120
c) 60
d) 120
e) 60
f) 60

A vine copula is a regular vine in which each
edge is associated with a bi-variate copula, repre-
senting the dependence between the two variables
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in the conditioned set, conditional on the variables
in the conditioning set. Hence, it is a way to
build a multivariate probability distribution using
pairwise dependencies. Regular vines are repre-
sented by a matrix. A regular vine matrix is an
upper-triangular matrix that encodes the structure
of a regular vine, specifying the order of variables
and the sequence of conditional dependencies in
the vine. The diagonal elements m; ; represent
the variables in a particular order while upper-
triangular elements m; ;, (i < j) determine the
conditioning and conditioned sets of the pair cop-
ulas in the vine. For example, Matrix )M below is a
vine copula matrix for the regular vine in Fig.2c).
Where, (m2727m1,2) = (4, 5), (m3,3,m1,3) =
(24), (m4’4,m174) = (1, 2) and (m5$5,m1 o)
(3,4) represent T;. (mg,g,m2,3|m1>3) (2 5|
(m4,4, M2 4[m1 )

(1,4)2); and (ms 5, mas|mis) = (3,2]4) rep-
(1,5/4,2

IS

~

resent TQ. (m474,m374\m2,4,m1y4) =
and (ms,5,m35/ma5,m15)
(3,1]2,4) constitute T3 and T}, has as single edge

(ms,5,ma5lms 5, Mo 5, m15) = (3,5[1,2,4).
55424
4542
M = 251 (1)
15
3

Finally, it is important to remark that, in gen-
eral, the copulas attached to regular vines are
parametrized by rank correlations and the condi-
tional copulas are assumed to be constant for all
values of the conditioning variables. That is:

CFle’Fz\y(FX\y(I): Fzy(2) | Y)

2
= Cryyy. Faiy (Fx1y(2), Fz1y(2)) ?
When vine copulas are treated under the as-
sumption (or decision according to Cooke and
Bedford (2025)) above, they are referred to as
simplified vine copulas or simply vine copulas as
stated earlier. When the assumption is relaxed,
they are called non-simplified vine copulas.

3. Recent research

3.1. Chimera

Table 2. Non-isomorphic trees on 4, 5, 6, 7 and 8
nodes and their labeling in Chimera.

y M{i

T4 T5 T7 T8

MU

T13 T14 TI15 Tl6 T17

P

T22 T23 T24 T25 T26 T27

l
L
i

T11 T12

i i

T20 T21

T19

T28 T29 T30

L

T38 T39

T31 T32 T33 T34 T35 T36

ISE8e:

T40 T41 T42 T43 T44 T45

T37

Lxk

T46 T47 T48

As mentioned earlier, Chimera (Morales-
Népoles et al. (2023)) is a catalogue that presents
all 24 4x4; 480 5x5; 23,040 6x6; 2,580,480 7x7;
and 660,602,880 8x8 matrices representing reg-
ular vines on 8 nodes. Matrices are presented as
data structures for R, Matlab and Python. They are
classified according to their tree equivalent class
using the notation indicated in Table 2 for non-
isomorphic trees. For example, all vines like in
Fig. 2a) would be classified in Chimera as T6+T4;
2b) as T7+T4; 2¢) and 2d) as T7+T5 (they are tree
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equivalent but in different equivalence classes);
2e) as T8+T4; and 2f) as T8+T5. With the use of
Chimera and High-performance computing (using
the DelftBlue supercomputer in our case), we can
systematically investigate different properties of
vine copulas. This will be illustrated next.

3.2. Simulation with AIC

A criterion often used when selecting a vine cop-
ula to fit to data is Akaike’s information criterion.

AIC; = —2 i In (z: (é (BV;); uk)>) 2K

k=1

3)
Where £ (é (BVj); uk)> is the likelihood con-
tribution of the model specified by the regular vine
V with copula specification B and parameters 0.
One of the most widely used estimation methods
for vine copulas is the stepwise semi-parametric
estimator. Roughly, all marginal parameters are
handled separately, then the parameters of the vine
copula are estimated in every tree conditioning on
the parameters of the preceding levels of the struc-
ture. For a particular data set on up to eight vari-
ables, with the use of Chimera, we can fit all possi-
ble vine copulas using the stepwise semi paramet-
ric estimator (Aas et al., 2009). The best possible
vine copula would be the one with lowest (most
negative) AIC value. Where £ (é (B(Vj); uk)) is
the likelihood contribution of the model specified
by the regular vine V; with copula specification
B and parameters 6. One of the most widely
used estimation methods for vine copulas is the
stepwise semi-parametric estimator. Roughly, all
marginal parameters are handled separately, then
the parameters of the vine copula are estimated in
every tree conditioning on the parameters of the
preceding levels of the structure. For a particular
data set on up to eight variables, with the use of
Chimera, we can fit all possible vine copulas using
the stepwise semi parametric estimator (Aas et al.,
2009). The best possible vine copula would be the

one with lowest (most negative) AIC value.
The computational costs of fitting all possible
vine copulas to data (especially above 7 nodes)
are considerable. Several algorithms have been
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proposed to speed up the fitting procedure. The
most common one is known as Dimann’s al-
gorithm (Dilmann et al., 2013). This algorithm
is based on a maximum spanning tree (MST)
search. The first tree in the vine copula is selected
based on the strongest pairwise dependencies as
judged by rank correlations. Subsequent trees are
also selected based on a maximum spanning tree
search also based on (partial) rank correlations.
Naturally, DiBmann’s algorithm is much faster
computationally than a brute force approach. One
possible simulation experiment to perform with
the aid of Chimera is:

(1) Generate a sample of 300 or 1000 observa-
tions from the vine represented by matrix M
above, with Clayton copulas for Spearman’s
rank correlation equal to 0.8 attached to every
level of the vine.

(2) Fix the regular vine, fix the choice of copula
(to Clayton) and estimate the parameters 0
Compute AIC for this vine copula (AICT).

(3) Fit all possible 480 vine copulas using the
stepwise semi-parametric estimator and select
from the 480 vine copulas the one with small-
est AIC. Call this the brute force solution
AICBF = min{AIC’l, ey AIC480}

(4) Estimate another vine copula through Dif3-
mann’s algorithm (AIC ).

(5) Compute Agp = |AICT — AICEF| and
A4 = |AICy — AIC 4|. Naturally, the closer
Apr and A 4 are to zero, the better the good-
ness of fit would be expected for the model.

(6) Repeat steps 1 to 5, say 100 times.

The results of implementing the simulation ex-
periment above are presented in Figure 3. All
calculations are performed using Coblenz (2021).

The 90th percentile of App with 300 samples
is 46, while for A 4, the same percentile corre-
sponds to 616. Also, 93% of the times, the reg-
ular vine corresponding to M is selected as the
one with smallest A7C' among the 480 possible
regular vine structures. For 1000 samples the 90th
percentile of A g is 113 while the corresponding
one for Ay is 2144. In the case of simulations
with 1000 samples, all 100 times M is selected
as the one with smallest AJC' among the 480
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Fig. 3. Empirical distribution of Appr and A4 for
300 and 1000 samples. Spearman’s rank correlation
equal to 0.8 with Clayton copulas along the vine-copula.

possible regular vine structures. Clearly, a brute
force approach when asymmetries in the bivariate
margins and high correlations are observed in the
data is strongly preferred to the algorithm.

In Morales-Népoles et al. (2026), a large-scale
study with over 1.4 billion vine copulas fit to
synthetic and real data like the one briefly pre-
sented in this section is described. The study is
performed for 3 sample sizes, 30, 300 and 1000,
three different levels of correlation, low, medium
and high (0.2, 0.6 and 0.8 Spearman’s coefficient)
for Gaussian, Clayton and Gumbel copulas.

3.3. Hypothesis testing

One drawback of the approach introduced in pre-
vious section is that it does not perform a formal
hypothesis test. For vine copulas, one of the most
used hypotheses tests is the so-called Vuong test
(Vuong, 1989). This test is based on the likelihood
ratio. The unadjusted test is based on the statistic

V.

0.5
N LR )

L(6B(Vs);ur))

ZEE, )

where, LR = 25:1 log

2

N £<é(B(VS);uk))
c(é(B(vj);uk))
2 o)

The null hypothesis is that the models are equiva-
lent. Ho : B(Vs) = B(V;). One chooses a value
¢ from the standard normal distribution for some
significance level. If the value of the statistic is
higher than ¢ then one rejects the null hypothesis
that the models are equivalent in favor of B(V)
being better than B(V;). If v is smaller than —c
then one rejects the null hypothesis in favor of
B(V;) being better than B(V;). Finally, if v <
¢, then one cannot discriminate between the two
competing models given the data. The outcome of
the test is typically coded as 1, 2 or 0 respectively
depending on the cases above.

Table 3. Summary of results of 100 simulations of
Vuong’s test (Brute Force) with 300 and 1000 samples
from the vine represented by matrix M above, with
Clayton copulas for Spearman’s rank correlation equal

to 0.8 attached to every level of the vine.

Ho : B(Vs) 300 1000 M in M in
=DB(Vj) samples samples 300 1000
samples samples

0 19 58 - -

1 40 42 38 41

2 13 9 -

3 18 18 -

4 3 3 -

5 1 1 -

6 5 5 -

104 1 1 -

Suppose that in the simulation explained in the
previous section, we apply Vuong’s test, instead of
computing AIC differences. The results are sum-
marized in Table 3 for the brute force procedure.
As may be seen in Table 3, for 300 samples, 19
times out of a 100 Vuong’s test could not identify
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a model as equivalent to the truth. When it does
identify one model as equivalent, 38 times out of
40 it correctly identifies the model described by
M. When 2 models are identified as equivalent,
then 9 times out of 13 M is correctly identi-
fied along with another model. Other values in
columns two and four can be interpreted similarly.
Interestingly, in one of the hundred simulations,
104 vine copulas out of 480 were identified as
equivalent to the “truth” which may have been
caused by a “bad” sample. Notice also that with
300 samples, in 81 simulations Vuong’s test will
identify at least one model as equivalent to the true
model and in 75 of these M is correctly identified.

When moving to 1000 samples, 42 times out
of a hundred, the test identifies one model (out of
480 possible) as equivalent to the true, of which
41 correspond to M.

These results together with those from previ-
ous section suggest that Vuong’s test (assuming
strictly non-nested models) may be too restrictive
for model identification, while a brute force pro-
cedure with minimum AIC is likely to capture the
properties of the multivariate model.

4. Applications in Risk and Reliability

Three different concepts frequently used in appli-
cations related to risk and reliability are briefly
discussed: limit state, conditional quantiles and
conditional expectations. These are discussed in
the context of the true model, the brute force
solution, Difmann’s algorithm and a “valid” vine
copula according to Vong’s test which is not the
brute force solution. The concepts briefly treated
in this section have important implications in risk
and reliability analysis. See for example Mares-
Nasarre et al. (2024) and Paprotny et al. (2025)
for recent applications where these concepts show
relevance.

We use 300 samples from matrix M. The brute
force procedure, finds matrix M to be a valid
model. The copula families associated with M are
presented in C). Additionally to M, My is found
to be a valid matrix according to Vuong’s test. The
copula families are given by C5. M5 is in fact vine
d) in Figure 2. Dimann’s algorithm outputs the
vine copula matrix Mp and copula families Cp

below. M p is in the equivalence class b) in Figure
2. According to Vuong’s test, the fit would not
be equivalent to the true model. The parameters
estimated for each case are also shown.

Clayton Clayton Clayton Clayton
Clayton Clayton Clayton
Clayton surjoe

Clayton

Oy =

3.1385 3.3721 3.3012 3.1521
5| 3.0189 3.0310 2.9493
3.3701 4.1413

3.7939

55442
4524
253
35

1

Clayton Clayton Clayton Clayton
Clayton Clayton Clayton

surjoe  surjoe

surjoe

3.1385 3.2721 3.1521 3.3012
A 3.0189 2.9493 3.0310
8.9479 4.1413

1.3621

55313
3535
151
44

2

Mp =

Plackett Clayton SurJoe SurJoe
SurJoe amhaq SurJoe
Ind  amhaq
Frank

Cp =

1.3389¢3 4.3684 7.5096 7.5856
4. — | 1.2643 —1.0000 1.3369

b= 0 —0.9999

4.8828

4.1. Limit state

A limit state is an integral over a failure re-
gion. In order to illustrate this idea we compute
P = P(X; < 205N ...0 X5 < 25.05)s
P, = P(Xy < 205U ...UX5 < x5 .05),
P = P(Xl > X195 M ... N X5 > $5“95) and
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Py = P(Xl > T1,.95 U...UXs5 > .1‘57'95) for the
cases of interest. 1000000 samples are used for
each case.

Table 4. Py, P2, P3 and Py for the cases of interest.

Cases Py Po P Py

M, Clayton, 3.1819 0.03446 0.06290 0.00341 0.15218

M, Cap, 0pr  0.03467 0.06279 0.00334 0.15110
Mo, Ca, 0, 0.03489 0.06283 0.00329 0.15213
Mp,Cp,0p  0.03489 0.06618 0.00062 0.15472

According to Table 4 the only probability
severely underestimated (by a factor 5.3 approxi-
mately) is P; for the DiBmann’s solution. All other
probabilities in the example would be more or less
well approximated by the different models.

4.2. Conditional distribution

In applications, for prediction, the expectation of
such conditional distributions is required. Other
type of inference, very common in applications,
requires extrapolation of exceedance probabilities
in the order of 10™% or lower. Figure 4 shows
P(X1 > 1‘1|X2 > IE2V957...,X5 > .1’5,_95)
for all four cases under consideration. Notice that
since this is a hypothetical example, the non-
conditional margins are U (0, 1)

1

— 09r BN
s N
45081 ™
A

0 07f N
i o6f \
8
o~

041 \
5 \

05F \

2 AY
< 03F \
\

A \
5 0.2 [—True (n=3955) Y
< - - -BF (n=3826) \

0.1 |- BF, (n3887) \
--=- Dissmann (n=1503) i
T ;

L L L L L
0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
X

Fig.4. P(X1 > z1|X2 > 22,95,...,X5 > x5,.95)

Clearly, for the case presented in Figure 4, the
conditional expectation and conditional quantiles
will be badly estimated by the DiBmann’s solu-

tion. This is in line with the observations from pre-
vious section. This effect may be further amplified
depending on the actual marginal distributions of
the variables of interest.

5. Final comments and conclusion

This paper presents briefly, recent experience at
TU Delft with the use of Chimera in simula-
tion experiments to better understand multidimen-
sional distributions constructed with simplified
vine copulas and its significance for applications
in risk and reliability.

Simplified vine copulas are attractive for ap-
plications in science and engineering (in risk and
reliability in particular) because of their flexibil-
ity and their relatively lower parametric nature.
Based on the results of large scale simulation
studies and results briefly discussed in this paper
we recommend the use of a brute force approach
for fitting simplified vines to data using Chimera
for up to 8 variables. Furthermore, this paper ad-
vocates the use of Chimera to better understand
vine copulas including algorithms for estimating
non-simplified vine copulas. There is still much to
be learned about vine copulas and Chimera is a
valuable tool to tackle this learning process.
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