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This paper presents an online identification framework for uncovering the governing equations of dynamical
systems operating under degradation to support risk and reliability-informed decision making. To enable accurate
discovery from large basis function libraries that capture the complexity of process systems, the wide-array of
nonlinear dynamic approximation (WyNDA) method is employed and enhanced through the integration of recursive
sparse regression (RSR) and recursive sparse Bayesian learning (RSBL). The proposed approach is validated
through numerical simulations of a subsea system under varying degrees of sparsity. In addition, parameter drifts
is introduced to emulate degradation effects and their estimates are utilized as evidence for decision supports.
Specifically, remaining useful life (RUL) prediction based on a Wiener degradation process and the use of a Bayesian
belief network (BBN) are demonstrated. The results demonstrate the potential of the proposed approach as a real-
time solution for decision support in systems with limited data availability, while maintaining high accuracy.
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1. Introduction

Dynamic modeling is an integral part of a process

system throughout its entire lifecycle. It is not

only used to obtain an optimal system structure

and control design configuration, but also plays a

key role in demonstrating the safety and reliabil-

ity of the configured system (Zhou et al., 2020).

Process systems, such as subsea systems, are sub-

ject to continuous changes that result in evolv-

ing dynamics caused by aging, operational loads,

fouling, and harsh environmental conditions (Dan

and Liu, 2024). If these evolving dynamics are

not properly addressed, uncertainties will impact

the system behavior due to deviations from the

nominal designs. Therefore, maintaining an accu-

rate and up-to-date dynamic model is essential for

safety and reliability assurance, as well as for sup-

porting decision making throughout its lifecycle.

Recent technological advancements have en-

abled access to a wide range of computational

and data-driven techniques for obtaining dynamic

models of systems, showing strong potential as

system identification tools. However, many of the

developed approaches face challenges in captur-

ing evolving dynamics. The most significant chal-

lenges are the high computational demand and the

requirement for high quality training data (Pereira

and Thomas, 2020). These limitations often re-

strict their application to offline analysis, which is

insufficient for safety critical systems that require

real time adaptation. In addition, these methods

often provide limited interpretability, raising con-

cerns about the credibility of the identified dy-

namic models when used for decision making.

This work addresses these challenges by devel-

oping a system identification methodology based

on a wide-array of nonlinear dynamic approxi-
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Fig. 1. WyNDA utilization in decision support.

mation (WyNDA) approach (Hasan, 2024). The

use of a dynamic system estimation (DSE) al-

gorithm as the main component of WyNDA en-

ables online identification, while the use of a basis

function library allows the governing equations

of the dynamical system to be represented. The

overall framework of the proposed methodology

is depicted in Figure 1. To address the complexity

of process systems such as subsea systems, the

proposed method is further improved by incor-

porating recursive sparse estimation in both de-

terministic and stochastic settings. The improved

WyNDA framework acts as a decision support

tool for online model discovery of subsea systems,

providing evidence in the form of mathematical

representations as well as degradation estimates

based on the parameter uncertainties. These out-

puts are subsequently utilized within a probabilis-

tic reliability framework, such as remaining useful

lifetime (RUL) prediction (Chang et al., 2021) and

Bayesian belief network (BBN) (Cai et al., 2019).

This approach specifically focuses on assessing

the probability of a failure mode, meaning the

probability of the loss of required system func-

tionality.

The remainder of this paper is organized as

follows: Section 2 presents the online model dis-

covery formulation based on the WyNDA method-

ology. Section 3 describes in detail the sparse es-

timation approach developed for identifying com-

plex systems. The validity of the proposed method

is demonstrated through numerical simulations in

Section 4. Finally, the paper is concluded in Sec-

tion 5.

2. Online Discovery

The main contribution of the WyNDA methodol-

ogy is the formulation of system identification in a

way that enables the (online) recursive discovery

of the governing equations of a dynamical system.

The identification is achieved through the use of

a DSE algorithm, which allows the identification

process to be performed online while remaining

interpretable. A nonlinear dynamical system can

generally be described by a first order ordinary

differential equation (ODE) as follows:

ẋt = f(xt,ut). (1)

Here, xt ∈ R
n represents the system state at time

t, which is driven by the control input ut ∈ R
m

through the nonlinear function f : Rn × R
m →

R
n. The system state is observed through sensor

measurements in discrete time. In the current de-

velopment, a full state measurement is assumed,

such that:

yk = xk + vk (2)

where yk ∈ R
n denotes the measured output at

time step k = 0, . . . , N and vk ∈ R
n represents

white Gaussian measurement noise with covari-

ance R ∈ R
n×n.

The system identification problem for online

model discovery aims to reconstruct the nonlinear

dynamics in Eq. (1) based on the measurements

obtained in Eq. (2). This is achieved by expressing

the system in the following discrete time approxi-

mation form:

xk+1 = Ψ(yk,uk)θk +wk. (3)

Here, wk ∈ R
n represents white Gaussian pro-

cess noise with covariance Q ∈ R
n×n. The matrix

Ψ ∈ R
n×r denotes the array of basis library

functions, where each basis function is associated

with a parameter in the vector θk ∈ R
r These

parameters indicate the contribution of each basis

function to the approximated dynamic model. The

approximation array is constructed in a diagonal

structure as:

Ψ(∗) = diag
([
Φ1(∗) · · · Φn(∗)

])
(4)

where Φi(∗) = Φi(yk,uk) ∈ R
ri is a vector of

scalar basis functions selected to best represent the

dynamics of the corresponding state i = 1, . . . , n.

The complexity of the identified dynamical sys-

tem directly affects the challenges associated with
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online model discovery. Achieving a higher prob-

ability of identifying the correct system model

generally requires considering a large number of

basis library functions in Eq. (4). This, in turn,

increases the number of parameters that must be

estimated. Conventional DSE algorithm used in

WyNDA approach for this purpose typically relies

on adaptive Kalman filter (AKF) methods (Hasan,

2024). However, in practice, the underlying math-

ematical model of such dynamical systems is of-

ten governed by only a limited number of domi-

nant functions. This motivates the use of �1 reg-

ularization to enforce sparsity in the parameter

estimation, allowing a compact and interpretable

model to be identified while preserving the capa-

bility for online discovery.

3. Sparse Identification

This section explains the design of sparsity regu-

larization within the estimation algorithm to ob-

tain a accurate model identification. Sparse regu-

larization requires the solution of an optimization

problem defined by the following loss function:

min
θk

k∑
l=0

‖yl −Ψ(∗)θl‖22 + ρ‖θk‖1 (5)

where the first term represents the quadratic re-

construction error of the system state, and the

second term represents the �1-norm penalty used

to promote sparsity in the parameter vector. The

parameter ρ controls the level of sparsity enforced

in the estimation. Based on this formulation, we

develop recursive sparse estimation methodolo-

gies for both deterministic and stochastic settings,

which are incorporated into the WyNDA frame-

work and described in the following sections.

3.1. Sparse Regression

In the context of enforcing sparsity for system

identification, sparse regression has become a

popular approach for balancing model complexity

and accuracy, based on the optimization problem

in Eq. (5). Several efforts have been made to

extend sparse regression methods into a recursive

form suitable for online implementation. In this

work, we adapt a sparse regularized recursive least

squares (RLS) based estimation methodology by

eliminating the spatial correlation penalty and re-

structuring the formulation, originally proposed

in (Baldi and Liu, 2024), to serve as an effi-

cient approximation of sparse regression within

the WyNDA framework and to improve its overall

performance.

First, the sparsity formulation is reconfigured to

better approximate an �0-norm penalty to enhance

its enforcement. This is achieved by introducing

a reweighting strategy for the penalty term in

Eq. (5), using a weight vector λk ∈ R
r. Since both

the �0-norm and the �1-norm are non differen-

tiable, a smoothing procedure is required for each

weight. This results in the following weighting

expression:

λ
(i)
j,k =

(
‖θ(i)j,k‖1 + ε

)−1

√(
θ
(i)
j,k

)2

+ εd

(6)

where (i) denotes the subset of elements in the

parameter vector associated with the basis func-

tion vector Φi(∗) and j ∈ Ii denotes the index

of an element within that subset. The constants

ε, εd > 0 are small positive values introduced to

avoid numerical singularities.

The recursive sparse regression (RSR) ap-

proach avoids solving a batch optimization prob-

lem at each measurement update by performing

the optimization sequentially, using a RLS-based

approximation of the gradient of the loss function

(Baldi and Liu, 2024). To compute the sparse

regularized estimation gains, the following update

equations are used:

Uk+1 = (ρΛk)
−1 (7)

Gk+1 = Gk − GkΦ
ᵀ
i (∗)Φi(∗)Gk

1 +Φi(∗)GkΦ
ᵀ
i (∗)

(8)

V k+1 = (Uk+1 +Gk+1)
−1 (9)

P k+1 = (Iri −Uk+1V k+1)Uk+1 (10)

where Λk = diag(λ
(i)
k ) represents the re-

weighting matrix, Uk,Gk,V k ∈ R
ri×ri are aux-

iliary matrices, while P k ∈ R
ri×ri is the esti-

mated parameters covariance matrix. The result-

ing sparse parameter estimates are updated based
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on the available measurements as follows:

θ̄
(i)
k+1 = θ̄

(i)
k + P k+1Φ

ᵀ
i (∗)ēk

− P k+1

(
U−1

k+1 −U−1
k

)
θ̄
(i)
k

(11)

x̄i,k+1 = Φiθ̄
(i)
k+1 (12)

where ēk = (yi,k − x̄i,k). These gain calculations

and parameter updates are performed recursively

for all n system states at each time step.

3.2. Sparse Bayesian Learning

As a second dynamic system estimation approach,

we develop a recursive sparse Bayesian learning

(RSBL) method as a stochastic alternative for han-

dling measurement uncertainties during the iden-

tification process. The proposed method is based

on a hierarchical Bayesian inference framework,

which involves the selection of appropriate prior

distributions and the recursive estimation of pos-

terior distributions (Tipping, 2001). In addition,

hyperparameter optimization is performed to act

as a regularization mechanism, promoting sparsity

in the identified model while accounting for un-

certainty.

A Gaussian prior is assumed for the parameter

estimation, given by:

p(θ|γ) = N (θ|0,γ) (13)

where γ ∈ R
r is a vector containing the variance

associated with each corresponding parameter and

Γ = diag(γ). The posterior distribution, along

with its mean and covariance, is given by (Tip-

ping, 2001):

p(θ|Y ,γ,R) = N (μθ,Σ) (14)

Σ =
(
ΨᵀRΨ+ Γ−1

)−1
(15)

μθ = ΣΨᵀRY . (16)

Here, μθ ∈ R
r denotes the posterior mean of

the parameter vector, with covariance Σ ∈ R
r×r.

The batch of measurement data is denoted by

Y =
[
yᵀ
0 · · · yᵀ

N

]ᵀ
and the corresponding library

of basis functions is given by Ψ = Ψ(Y ,U).

As noted earlier, the posterior distribution is

obtained using a batch of data, which is not suit-

able for online model discovery where measure-

ments arrive sequentially. For computational effi-

ciency, the estimation process must therefore be

performed recursively, without requiring access to

historical data. A common approach is to propa-

gate the parameter estimates and their covariances

using a Kalman filter framework. The recursive

computation of the Kalman gain and parameter

covariance is given by:

Sk+1 = (Ψ(∗)ΣkΨ
ᵀ(∗) +R)

−1 (17)

Kk+1 = ΣkΨ
ᵀ(∗)S−1

k+1 (18)

Σk+1 = (Ir −Kk+1Ψ
ᵀ(∗))Σk. (19)

Now, as the Kalman gain is available for the

measurement update, the next step for sparsity

enforcement is to compute the optimal hyperpa-

rameters.

The optimal values of the hyperparameters as-

sociated with the parameter variances can, in prin-

ciple, be obtained by maximizing the marginal

likelihood, which maximizes the probability of the

model given the available evidence, as derived in

(Qiao and Wang, 2022). However, this optimiza-

tion is typically performed in a batch setting rather

than sequentially. To enable online implementa-

tion, we propose a suboptimal yet recursive update

strategy as follows:

γ
(i)
j,k =

(
Φ2

i,j(∗) + ε
)−1 (

yi,k −R2
ii

)
(20)

where ε > 0 is a small positive constant and Rii

denotes the i-th diagonal element of the measure-

ment noise covariance matrix. To preserve histor-

ical information and smooth the hyperparameter

updates, an exponential moving average (EMA) is

applied:

Γk+1 = αΓk + (1− α) diag(γk) (21)

where α ∈ [0, 1] is a learning rate. Based on the

updated hyperparameters, the RSBL parameter

and state estimates are updated as:

θ̂k+1 = θ̂k +Kk+1êk

−Kk+1Ψ(∗)Σk+1ΔΓkθ̂k

(22)

x̂k+1 = Ψ(∗)θ̂k+1. (23)

Here, êk = yk − x̂k denotes the measurement

residual and ΔΓk = Γk+1 − Γk represents the

change in the regularized covariance.
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4. Numerical Simulation

This section is presented to validate the proposed

approaches in terms of its system identification

capability by integrating RSR and RSBL into

WyNDA, with particular focus on online govern-

ing equation discovery and its role in risk and

reliability based decision support. The numerical

simulations are conducted, in the absence of ex-

perimental data, using a modelled subsea system,

specifically a submersible cascade pump system,

for which a simplified schematic is shown in Fig-

ure 2. This system is planned to be deployed as

part of a subsea seawater injection system and

consists of a feed pump that compensates for head

losses across the nanomembrane module, as well

as an injection pump that provides the required

injectivity index for the reservoir. Downstream of

the nanomembrane module, a reject flow branch is

regulated by a control valve to discharge impuri-

ties back to the sea.

Fig. 2. Subsea cascade pump system flow diagram.

4.1. Online Estimation Capability

The first objective is to demonstrate the online

discovery of the governing equations for the sub-

mersible cascade pump system, in order to evalu-

ate the system identification capability of the pro-

posed approach. The dynamic model discovery is

based on a quasi steady state model of the system

presented in (Hilmi and Lundteigen, 2026), which

describes the feed pressure pf , injection pressure

pi, and reject flow rate qr. Based on this model, a

total of 11 parameters must be identified. To chal-

lenge the sparsity mechanism, the basis function

library is augmented with K artificial functions

for each true function. In this case, K = 1 re-

sults in 11 additional fake functions, where these

additional functions have little to no correlation

with the actual system dynamics. Further details

regarding the system model and the basis function

library are provided in Appendix A.

Fig. 3. State trajectory estimation by WyNDA.

The overall results of the online discovery for

all sparsity levels K = 0, 1, 2, 3 are shown in Fig-

ure 3 for state estimation, while the corresponding

parameter estimation results are summarized in

Table 1. The two proposed sparse methodologies,

RSR and RSBL, are compared against the state-

of-the-art AKF approach used in the WyNDA

framework in (Hasan, 2024). For state estima-

tion, all methods demonstrate satisfactory perfor-

mance. In particular, the norm root mean square

error (RMSE) of the state estimation is 0.7211

for AKF and 0.7527 for the proposed sparse ap-

proaches. This indicates a slight performance ad-

vantage of the state-of-the-art method in terms of

state estimation accuracy. In addition, distortion

effects on the estimation signals can be observed

in Figure 3 for both RSR and RSBL.

However, when considering parameter estima-

tion performance, as given in Table 1, a different

result emerges. As the degree of sparsity increases

by introducing a larger number of artificial basis

functions, both RSR and RSBL significantly out-
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Table 1. Norm RMSE of parameter estimation by

WyNDA under varying degree of parameter sparsity.

Method K = 0 K = 1 K = 2 K = 3

AKF 7.7424 7.7455 10.5258 7.2188
RSR 2.0813 2.5285 2.4730 2.4166
RSBL 2.1453 2.3844 2.3843 2.3846

perform the AKF approach, with RSBL showing

a slightly better overall performance. This dis-

crepancy between state and parameter estimation

performance can be explained by the underlying

estimation algorithm. The state-of-the-art method

performs joint estimation of states and parame-

ters, which can be interpreted as separate RLS-

like estimations for states in addition to only pa-

rameters, resulting in robust overall performance

(Hilmi et al., 2025). In contrast, RSR and RSBL

reconstruct the system states from the estimated

parameters, as shown in Eq. (12) and (23). Since

the primary objective of this work is accurate

parameter discovery, parameter estimation perfor-

mance is considered the most critical metric. Nev-

ertheless, these results highlight the potential for

further improvement of the WyNDA framework

by extending RSR and RSBL to a joint state and

parameter estimation formulation.

4.2. Application to Decision Support

The next step is to validate the capability of the

proposed online discovery methodology for deci-

sion support applications. In this study, a param-

eter drift is simulated for the feed pump, which

is tracked online using the WyNDA framework.

This drift provides observable evidence through

the estimated parameter evolution, which is then

used to support risk and reliability related decision

making. This capability is demonstrated through

RUL prediction of the pump based on the identi-

fied degradation trends. In a more advanced case,

a simple BBN is constructed, where operational

measurements and WyNDA based estimates are

used as multiple sources of evidence to evaluate

the probability of pump failure.

The parameter drift introduced in the simula-

tion, as shown in Fig. 3, is designed to exhibit

a higher degradation rate under low operating

conditions and a more moderate degradation rate

under high operating conditions. This behavior

reflects the increased load experienced by the

feed pump during some regimes, while the overall

degradation rate remains consistent with available

industry standards (Ottermo et al., 2021).

For remaining useful life (RUL) prediction, the

degradation variable d is defined based on pump

efficiency loss, with evidence provided by the

estimated parameter drift tracked by the WyNDA

framework. The degradation process is modeled

using a Wiener process:

d(t) = d0 + μdt+ σdW (t) (24)

where μd and σd denote the drift and diffusion

parameters of the process, respectively, and are

estimated using maximum likelihood estimation

based on the evidence obtained from WyNDA,

following (Hu et al., 2018). The parameter d0 rep-

resents the initial degradation level and W (t) ∼
N (0,Δt) denotes standard Brownian motion. The

RUL prediction is shown in Fig. 4. The zoomed

in view highlights the change in degradation rate

caused by variying operating conditions. Based on

this prediction, the estimated RUL is 42961 h.

Fig. 4. Wiener-based RUL prediction by WyNDA.

To further demonstrate the capability of

WyNDA, we examine the evolution of the RUL

prediction over the observation period. Since its

advantage lies in providing degradation informa-

tion in real-time, which is particularly challenging

to obtain. Using the estimated Wiener process pa-

rameters, the probability density function (PDF)

can be expressed as (Hu et al., 2018):

f(t) =
Ld√
2πσ2

dt
3
e
− (Ld−d0−μdt)2

2σ2
d
t . (25)
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Here, Ld denotes the failure threshold. When the

degradation variable exceeds this threshold, the

feed pump is considered to have failed. The evo-

lution of the PDF over the observation period (i.e.,

the parameter tracking period) is shown in Fig. 5.

The results illustrate how the mean-time-to-failure

(MTTF) increases or decreases in response to fa-

vorable and unfavorable operating conditions of

the feed pump. This behavior is captured as a

direct consequence of WyNDA’s online capability

to continuously provide degradation evidence.

Fig. 5. PDF evolution of the feed pump degradation.

One limitation of the RUL prediction presented

earlier is that the degradation model is solely time-

based and relies on approximated model param-

eters. However, several other factors can signifi-

cantly influence the reliability of the feed pump,

most notably the operational load. As illustrated

previously by the zoomed-in plots in Fig. 4 and

Fig. 5, variations in operating conditions directly

affect the degradation rate. When such effects are

not explicitly accounted for, the resulting reliabil-

ity prediction may become inaccurate.

To address this limitation, we present an ad-

ditional decision-support application of WyNDA

in a more advanced setting using a BBN. Unlike

purely time-based degradation models, a BBN can

incorporate multiple influencing factors and evi-

dences to assess system reliability. In this study,

a simple BBN is constructed to account for the

operational load of the feed pump, including the

flow rate Q and the motor speed ω, both of which

directly affect pump degradation. In addition to

the pump efficiency loss used in the RUL predic-

tion, the BBN framework allows the inclusion of

further evidences obtained via WyNDA, such as

loss of head and the generated hydraulic power.

These multiple sources of evidence enable a more

comprehensive and context-aware assessment of

pump reliability. A schematic representation of

the proposed BBN is shown in Fig. 6.

Fig. 6. BBN diagram for the feed pump failure model.

The BBN design shown in Fig. 6 gives the

probability of failure (PoF) of the feed pump as:

P (F = 1) =

M∑
i=1

P (F = 1|D = di, L)

× P (D = di|ΔH,ΔP,Δη, L)

(26)

where F ∈ {0, 1} denotes the failure state, D ∈
{low,medium, high} represents the degradation

state, and L ∈ {normal, abnormal} denotes the

operating load condition. The conditional prob-

ability tables are constructed based on available

system knowledge and engineering judgment.

Fig. 7. PoF of the feed pump by BBN-WyNDA.

Since WyNDA provides degradation-related

evidences in real time, the resulting PoF can be



914 Proc. of the European Safety and Reliability Conference (ESREL 2026)

updated continuously as new measurements be-

come available. The evolution of the PoF over the

observation period is shown in Fig. 7. It can be

observed that the PoF increases as the feed pump

spends a significant amount of time operating un-

der abnormal conditions, leading to the accumula-

tion of degradation. In contrast to the initial phase,

although the operating condition is abnormal, the

PoF remains low due to the limited accumulated

degradation. By the end of the observation period,

the PoF reaches a value of 0.4349.

5. Conclusion

This paper proposes a sparse WyNDA for system

identification, aimed at discovering the mathemat-

ical representation of dynamical systems while

tracking parameter drift caused by degradation,

thereby extending its role as a decision support

tool. Numerical simulations based on a subsea

cascade pump system are used to demonstrate the

capabilities of the proposed approach. By incor-

porating the improved RSR and RSBL estimation

algorithms into the WyNDA framework, the per-

formance of online identification is significantly

enhanced under varying degrees of sparsity. In

addition, reliability-based decision support from

the estimated parameter drift as evidence is pro-

vided through a Wiener-based RUL prediction and

a BBN. These illustrate how online model discov-

ery can be directly linked to risk and reliability

assessment for safety critical systems.

Future work will focus on enhancing the pro-

posed methods by introducing temporal penalties

for more accurate parameter drift tracking in both

RSR and RSBL, as well as developing joint state

and parameter estimation schemes to improve ro-

bustness. Additionally, more comprehensive ap-

plications of WyNDA to subsea seawater injection

systems, covering degradation management from

prevention to mitigation.
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Appendix A. Additional Information

To support this paper, we provide the data and code
utilized in the following GitHub repository:
https://github.com/hilmi-ica/OD-SCPS.git
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