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Accurately predicting wear in multi-bar linkages is essential for their long-term performance and high reliability.
The progressive wear of joints often leads to a loss of kinematic precision and even catastrophic failure. However,
conventional methods, which rely on deterministic models, neglect the stochastic nature of wear that arises under
dynamic contact conditions. Consequently, these models may fail to accurately predict the wear process under the
dynamics of rigid–flexible coupling framework. Moreover, they overlook the non-linearity of the wear degradation
process. To overcome these limitations mentioned above, this paper presents an integrated wear prediction method
to capture randomness and nonlinear behavior under the influence of rigid–flexible coupling dynamics. Firstly,
a rigid–flexible coupling dynamic model is developed by combining screw theory with the Floating Frame of
Reference Formulation. Screw theory describes the rigid-body motion and joint constraints, while the Floating
Frame of Reference Formulation characterizes the elastic deformations of flexible links. Secondly, the wear model
is established based on Archard’s theory. The Gamma process, taking into account multiple uncertainties, is used
to describe the wear degradation process under dynamic contact conditions. Thirdly, an integrated framework
combining dynamic model and multiple wear degradation processes is established. Within this framework, the
geometric clearance and contact characteristics of all joints are progressively updated to update the wear rate
in a step-by-step manner. Finally, the effectiveness of the proposed method is demonstrated through a case
study involving a spatial Revolute-Spherical-Spherical-Revolute four-bar linkage. Results demonstrate a significant
improvement in wear prediction accuracy over conventional deterministic models. By capturing both the random
and non-linear characteristics of degradation, the proposed method provides a reliable tool for the wear prediction
of rigid–flexible coupling mechanisms.

Keywords: Rigid–flexible coupling dynamics, Joint wear prediction, Archard wear model, Gamma process, Multi-
bar linkages.

1. Introduction

Multi-bar linkages are widely employed in high

precision motion systems, including landing gear

and control surfaces in aerospace vehicles, as well

as manipulators in industrial robots. However, un-

der harsh loads and complex environmental con-

ditions, wear in the joints of multi-bar linkages is

inevitable, leading to increased joint clearance and

altered contact conditions. These factors introduce

uncertainty, making the wear process difficult to

predict. It is essential to construct a high accuracy

wear prediction model to ensure safety and reli-

ability of multi-bar linkages systems (Gao et al.,

2024).

Kinematic analysis constitutes the founda-

tion for the motion characterization and con-

trol of spatial multi-bar linkages. Convention-

ally, Karhan and Bingül (2025) employed the

Denavit–Hartenberg (D–H) parameter method for

kinematic modeling of multi-bar systems, while

Müller (2018) adopted screw theory to describe

spatial motion and joint constraints. To account

for elastic deformations, Liu et al. (2024) de-

veloped a rigid–flexible coupling model, extend-

ing purely kinematic frameworks to capture link

flexibility effects. Among rigid–flexible coupling

formulations, the Floating Frame of Reference
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Formulation (FFRF) and the Absolute Nodal Co-

ordinate Formulation (ANCF) are commonly em-

ployed (Tang et al., 2024; Zhai et al., 2023).

Sun and Hu (2024) further demonstrated that

for spatial linkages undergoing large overall mo-

tions with small elastic deformations, FFRF ef-

fectively decouples rigid-body kinematics from

modal coordinates, improving computational ef-

ficiency while maintaining accuracy. However,

most existing approaches do not account for pro-

gressive joint wear and its interaction with system

dynamics, leading to degraded motion accuracy

and altered dynamic behavior.

Wear evolution is typically represented by Ar-

chard’s wear equation, while classical contact me-

chanics adopts Hertzian contact theory to estimate

contact pressures under elastic deformation (Mu-

ratović et al., 2024; Pawlus and Reizer, 2025).

Wear exhibits significant variability; determinis-

tic models often fail to capture such complex-

ity (Springis and Boiko, 2025; Kolawole et al.,

2024), motivating stochastic modeling approaches

(Dykha et al., 2025). However, most existing mod-

els neglect the coupled feedback between progres-

sive wear and evolving contact geometry, intro-

ducing cumulative prediction errors over extended

operation.

Motivated by the above observations, this work

proposes a physics-informed stochastic wear pre-

diction framework for spatial multi-bar linkages.

The main contributions are as follows:

(1) To characterize contact and mechanical be-

havior of multi-bar linkages, a multibody

model integrating screw theory with FFRF

is developed, enabling evaluation of contact

kinematics and load redistribution in closed-

loop mechanisms.

(2) To accurately model progressive wear degra-

dation, a contact driven update scheme based

on Archard’s law is formulated, where accu-

mulated wear depth is fed back to joint geom-

etry to capture evolving contact states.

(3) To quantify the uncertainties induced by wear

degradation, a physics-informed Gamma pro-

cess is developed to model stochastic wear ac-

cumulation with load-dependent randomness,

yielding probabilistic life predictions.

The rest of this paper is organized as follows.

Section 2 develops the rigid–flexible coupling

model using screw theory and FFRF. Section 3

presents wear modeling for clearance joints. Sec-

tion 4 introduces the physics-informed Gamma

process and coupled framework. Section 5 vali-

dates the proposed framework on an RSSR mech-

anism. Section 6 concludes.

2. Rigid–Flexible Dynamics

2.1. Screw-Theory Kinematics

Multi-bar linkages are modeled using screw the-

ory for rigid body kinematics, which provides

a singularity free, coordinate independent repre-

sentation of spatial multibody motion and joint

constraints(Murray et al., 1994). Each joint k is

characterized by a twist ξk ∈ R
6 with rotational

part ωk and translational part vk:

ξk =

[
ωk

vk

]
, (1)

where vk = −ωk × qk with qk being the coordi-

nates of a point on the axis.

For closed-loop mechanisms, the kinematic

chain is decomposed into two branches a and b

from the base to a common end body. Using the

Product of Exponentials formula, the configura-

tions of the end body are

T a(qr) =

(∏
k∈A

eξ̂kθk

)
T a0,

T b(qr) =

(∏
k∈B

eξ̂kθk

)
T b0,

(2)

whereA and B are the joint index sets, qr collects

the joint variables θk, ξ̂k ∈ R
4×4 is the matrix

representation of twist ξk in the Lie algebra se(3)

via the hat map (̂·), and T a0, T b0 are the reference

configurations of the end body on branches a and

b, respectively. The closed-loop constraint T a =

T b is enforced via

Φrigid(qr) = Log
(
T−1

b T a

)∨
= 06×1. (3)

where Log(·)∨ : SE(3) → R
6 denotes the Lie

group logarithm followed by the vee map, extract-

ing the six twist coordinates from a group element.
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2.2. Elastic Deformation

The Floating Frame of Reference Formulation

(FFRF) (Shabana, 1997) is adopted to model elas-

tic deformation of flexible links. FFRF decouples

rigid body kinematics from small elastic defor-

mations via a floating reference frame, enabling

efficient simulation while maintaining accuracy

for links with small strain. Let P denote a material

point on body i, with global position riP ∈ R
3:

riP (q
i) = Ri +Ai

(
r̄iP + ui

f

)
, (4)

where Ri ∈ R
3 and Ai ∈ R

3×3 are the translation

and rotation of the body frame, r̄iP ∈ R
3 is the

undeformed local position of P , and ui
f ∈ R

3 is

the elastic displacement.

Let q = [qT
r , q

T
f ]

T denote the generalized co-

ordinates, collecting both rigid and flexible com-

ponents. The velocity of point P is obtained by

differentiation:

ṙiP = J i
P (q) q̇, (5)

where J i
P (q) ∈ R

3×nq is the translational Jaco-

bian, which maps generalized velocities to local

point velocities.

The equations of motion for the rigid–flexible

system are written in the form

M(q)q̈ + h(q, q̇) +

[
0 0

0 Kffqf +Dff q̇f

]

= Qext +Qcon +ΦT
q λ. (6)

where M(q) is the mass matrix, h(q, q̇) collects

inertial and velocity-dependent terms, Kff and

Dff are the modal stiffness and damping matri-

ces, Qext is the external force vector, Φq is the

constraint Jacobian with Lagrange multipliers λ,

and Qcon represents contact forces at clearance

joints.

The normal force and tangential force at contact

pair k are denoted by F n,k and F t,k. The gen-

eralized contact force vector is obtained from the

virtual work principle:

Qcon =
∑

k∈contacts
JT

rel,k (F n,k + F t,k) . (7)

The matrix Jrel,k ∈ R
3×nq is the relative trans-

lational Jacobian at the contact point. For contact

Bearing

(body j)

Journal

(body i)

iO
jO

B

P

c

δ
r� � δ

n

Fig. 1. Contact geometry and force decomposition of
a revolute joint with clearance under journal–bearing
contact conditions

between bodies i and j, it is defined as

Jrel,k = J i
P,k − J j

P,k, (8)

where J i
P,k and J j

P,k are the translational Jaco-

bians of the contact points on bodies i and j.

3. Wear Modeling for Clearance Joints

3.1. Contact Geometry and Kinematics

As shown in Fig. 1, wear and assembly eccentric-

ity cause an offset between the journal and bearing

centers, creating a localized contact region. The

normal direction governs contact pressure, while

the tangential direction determines sliding veloc-

ity and wear rate.

Let P and B denote contact points on the mat-

ing bodies, with global positions rP and rB given

by:

rP = Ri +Aiui
P , rB = Rj +Ajuj

B , (9)

where ui
P and uj

B are the local position vectors of

the contact points on bodies i and j, respectively.

The relative position vector is defined as

δ = rB − rP . (10)

The normal gap function gn(q, t) is defined

using the radial clearance c and the eccentricity
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distance δr = ‖δ‖:
gn = c− δr. (11)

The contact state is determined by the sign of

the normal gap. Separation corresponds to gn > 0.

Contact corresponds to gn ≤ 0. The penetration

depth is defined as

δp = −gn = δr − c. (12)

The unit normal vector at the contact interface

is defined as

n =
δ

δr
. (13)

The contact force is decomposed into normal

and tangential components: the normal force pro-

vides compliance and dissipation, while the tan-

gential force represents friction.

3.2. Contact Force Model

The normal contact force is modeled using the

Lankarani–Nikravesh formulation (Lankarani and

Nikravesh, 1990), which accounts for energy dis-

sipation through a hysteresis damping term pro-

portional to the penetration depth and impact ve-

locity:

Fn = K δnH
p +D δ̇p, (14)

where K is the contact stiffness, nH is the

Hertzian exponent, δp is the penetration depth, and

δ̇p is the penetration rate. The damping coefficient

D is defined by

D =
3K(1− c2r)δ

nH
p

4δ̇(−)
. (15)

The parameter cr is the coefficient of restitution

and δ̇(−) is the initial impact velocity.

The tangential friction force is modeled by a

velocity-dependent Coulomb law:

F t = −μ(‖vt‖)Fn
vt

‖vt‖ , (16)

where μ(‖vt‖) is the velocity-dependent friction

coefficient and the tangential relative velocity vt

in the contact plane is

vt = (I − n⊗ n) (ṙB − ṙP ) , (17)

where I is the 3×3 identity matrix and n⊗n de-

notes the outer product (rank-1 projection matrix

onto the contact normal direction).

The point velocities ṙP and ṙB are obtained

from the Jacobian relations in the rigid–flexible

kinematics.

3.3. Archard Wear Law

Wear evolution is modeled using Archard’s law

(Archard, 1953), where the wear rate is propor-

tional to the normal contact load and sliding ve-

locity. The wear depth rate at the interface is

ḣ(q, t) =
kwear

Hmat
‖vt‖σn I(gn), (18)

where kwear is the wear coefficient, Hmat is the

material hardness, σn is the normal contact stress,

and I(gn) is a contact indicator.

A force-based form is obtained by using an

equivalent contact area Acontact and the normal

force Fn:

ḣ(t) =
kwear

Hmat Acontact
Fn(t) ‖vt(t)‖ I(gn).

(19)

The indicator function represents the contact

state and is defined as

I(gn) =
{
1, gn ≤ 0,

0, gn > 0.
(20)

4. Physics-Informed Gamma Process for
Wear Degradation

4.1. Stochastic Wear Process

Let {W (t), t ≥ 0} denote the cumulative wear

depth, modeled as a non-homogeneous Gamma

process to capture degradation randomness while

preserving physical consistency. The Gamma pro-

cess is chosen for its monotone non-decreasing

sample paths and positive increments, which are

physically consistent with irreversible cumulative

wear (van Noortwijk, 2009).

For the discrete wear update at time instants

{tn, n = 0, 1, . . .}, the wear increment ΔWn =

W (tn+1)−W (tn) follows a Gamma distribution:

ΔWn ∼ Gamma(α ·ΔΛn, β), (21)

where α > 0 is the shape parameter governing

intrinsic variability, β > 0 is the rate parameter,
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and ΔΛn is the physics-based wear increment

over the interval [tn, tn+1], defined as:

ΔΛn =

∫ tn+1

tn

ḣ(τ) dτ, (22)

where ḣ(τ) is the instantaneous wear rate com-

puted from Eq. (19).

Consequently, the mean and variance of the

stochastic wear increment are derived as:

E[ΔWn] =
α ·ΔΛn

β
, (23)

Var[ΔWn] =
α ·ΔΛn

β2
. (24)

4.2. Parameter Estimation

The parameters α and β are unknown and must

be estimated from historical degradation data via

maximum likelihood estimation. Given M wear

trajectories, the increments ΔWm,n and the cor-

responding physics-based increments ΔΛm,n are

collected. The log-likelihood function is

L(α, β) =
M∑

m=1

∑
n

[
(αΔΛm,n−1) logΔWm,n

−βΔWm,n+αΔΛm,n log β−log Γ(αΔΛm,n)
]
.

(25)

where Γ(·) denotes the Euler gamma function (not

to be confused with the Gamma process).

The parameter estimates α̂ and β̂ are obtained

by maximizing Eq. (25) subject to α, β > 0,

which is equivalent to solving the first-order con-

ditions:

∂L
∂α

= 0,
∂L
∂β

= 0. (26)

The Newton-Raphson method is employed to

solve this nonlinear system numerically, yield-

ing α̂ and β̂ for subsequent wear prediction via

Eq. (21).

4.3. Coupled Simulation Framework

The overall workflow is illustrated in Fig. 2. The

framework operates on two time scales: a fine

scale with step Δt for dynamics integration, and

a coarse scale with interval Δtn for geometry

updates. At each wear step n, the multibody sys-

tem is solved to obtain contact forces and sliding

velocities. The increment ΔΛn is then computed

via Archard’s law (Eq. (19)), and a stochastic

increment ΔWn is sampled from Eq. (21). The

clearance is updated as cn+1 = cn + γΔWn,

where cn is the effective joint clearance radius at

step n and γ converts wear depth into clearance

increment, forming a closed-loop feedback that

progressively alters contact conditions until the

failure threshold Wcrit is reached.

Fig. 2. Coupled simulation framework integrating
rigid–flexible dynamics, physics-informed Gamma pro-
cess, and geometric feedback for progressive wear pre-
diction.

5. Case Study

An RSSR spatial linkage (Fig. 3) is employed to

validate the proposed framework. The mechanism

comprises four links: R1 and R4 are base-mounted

revolute joints, while R2 and R3 are spherical

joints forming the spatial closed loop. To capture

rigid–flexible coupled wear evolution, the follow-

ing assumptions are adopted:

(1) Flexible link: Link 2 is modeled as a flexible

body, while Links 1, 3, and the ground are

treated as rigid bodies.
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(2) Wear site: Joint wear is considered only at

revolute joint R1. An initial radial clearance

c0 is assigned to R1 to represent manufactur-

ing tolerances.

The physical, geometric, and wear-related pa-

rameters are summarized in Table 1.

Fig. 3. Configuration of the RSSR spatial mechanism

The mechanism is driven by a constant-speed

rotational excitation with a frequency of 2Hz.

For validation purposes, an equivalent multibody

dynamic model is constructed in Adams, which

serves as a high-fidelity reference for comparing

key dynamic responses and joint load histories.

Fig. 4 shows the joint contact force over one

motion cycle, exhibiting nonlinear time-varying

behavior: rapid decay initially, followed by sig-

nificant amplification near the end configura-

tion, reflecting the mechanism’s influence on joint

loading. The proposed method agrees well with

Adams simulations in both magnitude and trend,

validating the contact dynamics model.

Fig. 5 shows the circumferential wear depth dis-

tribution at Cycle 10, 20, and 30 for three models:

Deterministic (Det), the proposed rigid–flexible

coupled stochastic model (Prop), and Adams vali-

dation (Adams). Local peaks appear at specific an-

gular positions, indicating that periodic high load

contact governs the wear process. The proposed

model captures subtle angular shifts in peak po-

sitions relative to the deterministic baseline, with

Fig. 4. Time history of joint contact force comparison
between the proposed method and Adams simulation

Fig. 5. Circumferential distribution of joint wear
depth at different operating cycles

offsets consistent with Adams simulations. This

shift arises from rigid–flexible coupling effects on

contact kinematics, which the deterministic model

cannot reproduce.

Fig. 6 shows the predicted RUL probability

distributions for three stochastic models: the pro-

posed model, Baseline 1 without rigid–flexible

coupling, and Baseline 2 without wear evolution

feedback. The proposed model exhibits the nar-

rowest distribution centered closest to the ground

truth, indicating superior prediction accuracy and

appropriate uncertainty quantification. Both base-

line models yield distributions shifted toward

higher RUL values, with Baseline 1 exhibiting the
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Table 1. Physical and wear-related parameters of the RSSR spatial mechanism

Category Parameter Symbol Value

Geometric Link 1 length L1 120mm
parameters Link 2 length L2 420mm

Link 3 length L3 260mm
Link 2 cross-section radius r2 6mm

Material Young’s modulus E 210GPa
properties Poisson’s ratio ν 0.30

Density ρ 7850 kg/m3

Flexible modeling Modal truncation order of Link 2 nf 6

Joint geometry Initial radial clearance of R1 c0 10μm

Contact Equivalent elastic modulus E∗ 115GPa
parameters Equivalent Poisson’s ratio ν∗ 0.30

Wear model Wear coefficient kwear 1.0× 10−8

parameters Contact hardness Hmat 3.5GPa

Failure criterion Critical wear depth Wcrit 80μm

Table 2. Remaining useful life prediction statistics

Metric
Proposed Baseline 1 Baseline 2

Model

Mean (cycles) 24.8 25.7 25.4
Std. (cycles) 0.75 1.10 0.85

COV (%) 3.02 4.28 3.35
Error (%) −1.20 +2.39 +1.20

Fig. 6. Probability density function of the predicted
remaining useful life

largest overprediction due to neglecting load re-

distribution from link flexibility. Baseline 2 shows

moderate overprediction from ignoring geometric

feedback effects as wear evolves.

Table 2 summarizes the predicted RUL statis-

tics, including mean, standard deviation, COV,

and prediction error. The proposed model achieves

the lowest prediction error (−1.20%) and small-

est dispersion (COV: 3.02%), confirming the im-

portance of incorporating both rigid–flexible cou-

pling and geometric feedback for reliable RUL

prognostics.

6. Conclusion

This paper presents a physics-informed stochastic

framework for wear prediction and RUL assess-

ment in spatial multi-bar linkages. The approach

integrates screw theory with FFRF to capture

rigid–flexible coupling dynamics and their effects

on contact mechanics. A wear evolution scheme

based on Archard’s law feeds geometric degra-

dation back to joint clearance, while a physics-

informed Gamma process quantifies life uncer-

tainty through probabilistic distributions. Valida-

tion on an RSSR mechanism demonstrates supe-
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rior accuracy over baselines neglecting coupling

or evolution feedback, achieving low prediction

error with reasonable uncertainty bounds. The

framework provides probability density functions

essential for reliability-based maintenance plan-

ning.

Future work will extend the framework to mul-

tisite wear interactions in complex linkages, in-

corporate time dependent reliability analysis. The

methodology can be generalized to other degrada-

tion modes including fatigue and corrosion.
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