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Two-phase convergent-divergent nozzles play a critical role in heating, ventilation, air conditioning, and refrigeration
systems. Designing efficient nozzle geometries is challenging due to geometrical, operational, and epistemic
uncertainties arising from manufacturing tolerances, variable operating conditions, and incomplete understanding
of the underlying physics. These uncertainties limit the effectiveness of conventional nozzle design methods. This
study proposes a Distributionally Robust Bayesian Optimization (DRBO) approach for the shape optimization
of a convergent-divergent nozzle coupled with homogeneous equilibrium flow models. To address distributional
uncertainty during adaptive sampling, ambiguity sets are characterized using maximum mean discrepancy (MMD)
and Wasserstein distance metrics. The study compare the motive nozzle isentropic efficiency obtained using General
DRBO approach, where the uncertainty reference distribution is provided to the method, and the Data-Driven
DRBO approach, where the uncertainty reference distribution is updated using data from previous iterations. Both
approaches are evaluated for the shape optimization of the motive nozzle in an ejector refrigeration system using
CO2 as the working fluid. The results suggest that the robust optimized nozzle achieves higher isentropic efficiency
compared to the nominal and non-robust optimized designs under uncertain conditions.

Keywords: Distributionally Robust Bayesian Optimization, Two-phase flow, Convergent–divergent nozzles, Compu-
tational fluid dynamics

1. Introduction

The urgent need to reduce greenhouse gasses has

become increasingly clear in recent years; for this

reason the European Commission committed to

making the EU climate neutral by 2050 (DG,

2019). To support this transition, it is essential

to improve the use of renewable energy sources

and the efficiency of energy conversion systems,

which require significant research and innovation

in clean technologies.

In this context, Heating, Ventilation, Air Con-

ditioning, and Refrigeration (HVAC&R) practices

represent a major opportunity for emissions reduc-

tion through improved efficiency and sustainable

working fluids. An important step in achieving

carbon neutrality is the transition from high global

warming potential (GWP) working fluids, to en-

vironmentally friendly refrigerants, which are ad-

vantageous because of their availability, low cost,

and minimal environmental impact (Balali et al.,

2023). Among natural refrigerants, CO2 is recog-

nized as an efficient long-term solution due to its

negligible GWP, non-flammability, non-toxicity,

and favorable thermophysical properties. Another

advantage of CO2 is that its thermodynamic cycle

allows for smaller and more compact components,

making it beneficial to various applications (Kim

et al., 2004).

A fundamental component for the overall per-

formance of CO2 HVAC&R systems is the expan-

sion device. Traditional expansion devices, like

simple expansion valve, do not recover any of the

supplied mechanical energy and therefore impose

a significant energy loss. To address this issue,
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alternative expansion technologies have been ex-

plored, like two-phase ejectors, which can recover

some of the energy lost during the expansion pro-

cess (Elbel and Lawrence, 2016).

Despite its advantages, the complexity of two-

phase ejector flows presents challenges in achiev-

ing reliable and efficient designs. Their perfor-

mances are highly dependent on an appropriate

motive nozzle design, since flow expansion and

phase change occur entirely through the noz-

zle. However a limited understanding of non-

equilibrium two-phase flow phenomena reduce

the predictive accuracy of the flow models and

ejector performances are sensitive to inlet operat-

ing conditions and geometry variations, causing a

efficiency reduction in off-design condition. Con-

ventional deterministic optimization approaches,

as well as standard stochastic optimization meth-

ods, typically assume that these uncertainties fol-

low a known and fixed probability distribution.

This assumption is rarely satisfied in two-phase

CO2 flows, because of the lack of data or epis-

temic uncertainty on the flow models.

To the best of the authors’ knowledge, no pre-

vious studies have addressed the optimization of

CO2 motive nozzles under uncertainty, nor has

robust optimization been systematically applied

to CO2 ejector systems, representing a signif-

icant gap in the literature on ejector refrigera-

tion technologies. To address this gap, this paper

explores the application of Distributionally Ro-

bust Bayesian Optimization (DRBO) (Kirschner

et al., 2020) techniques to address these chal-

lenges. Bayesian optimization is a model-based

sequential optimization framework for expensive-

to-evaluate black-box functions, successfully ap-

plied in various fields (Shahriari et al., 2015).

The objective is to showcase the benefit of the

application of DRBO in the robust design opti-

mization of a two-phase ejector nozzle for CO2

heat pump applications ultimately contributing to

the design of robust ejectors accounting for uncer-

tainties in two-phase flow behavior.

The rest of the paper is structured as follows:

Section 2 summarizes the problem description,

Section 3 describes the computational framework,

Section 4 presents the results, and Section 5 con-

cludes with a summary of findings and sugges-

tions for future work.

2. Problem description

In this section, we present the formulation of the

ejector nozzle design problem.

2.1. Uncertainties formulation

The problem presents two main sources of un-

certainties: geometrical and operational. Geomet-

ric uncertainties arise from manufacturing tol-

erances and imperfection or damage to compo-

nents caused by harsh working conditions. Opera-

tional uncertainties, on the other hand, arise from

the variation of the inlet condition of the nozzle

due to external environmental changes. This vari-

ability propagates within the component, causing

changes in expected performances (Razaaly et al.,

2019).

Characterization of these uncertainties is chal-

lenging, especially for geometric ones. In fact,

collecting a sufficiently large sample of actually

manufactured components to build a statistically

converged data set can be time consuming. To

solve this problem, we decided to follow the Wun-

sch and Hirsch (2021) approach by deriving input

uncertainties from ISO 2768-1, 1989 (Tolerances,

1989). The variability ranges of operational con-

ditions, pressure and temperature at the inlet, are

based on reasonable values derived from the little

information available on the topic in the literature

(Ringstad et al., 2020)

Due to the just mentioned lack of detailed sta-

tistical data, we adopt a independent uniform dis-

tributions as a modeling assumption of the uncer-

tainties. However, these distributions should not

be interpreted as accurate representations of the

true uncertainty, which is unknown and poten-

tially deviates from the assumed one. Precisely

because of this, we employ the DRBO framework

to ensure that the optimized design remains robust

against deviations from our assumption. The range

of geometric tolerances are reported in Table 1,

while the operational ranges are in Table 2.

The uncertainty model is formulated to repre-

sent realistic manufacturing and operational con-

straints; however, while the motive nozzle is
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Table 1. Nominal values and tolerances for geometry

variable

Name Nominal (mm) Tol (mm)

Throat Height 0.24 ±2.00 · 10−2

Outlet Height 0.39 ±2.00 · 10−2

Inlet Height 10.00 ±1.00
Divergent Length 56.15 ±1.50

Convergent Length 27.35 ±1.50
Width 3.00 ±0.50

Table 2. Nominal values and tolerances for inlet operat-

ing conditions.

Name Nominal Tol

Tin (K) 310.15 ±4.00
Pin (MPa) 9.10 ±0.50

treated as a representative case study, the objective

of this work is not limited to optimizing a single

technical configuration. The proposed framework

is intended to be generalizable and applicable to

other turbomachinery components facing similar

challenges, where robust design has evident tech-

nical relevance.

2.2. Problem formulation

As explained in Section 1, the nozzle is a criti-

cal component of the two-phase ejector system,

responsible for accelerating refrigerant flow and

facilitating phase change. The design of the nozzle

significantly impacts the overall performance and

efficiency of the ejector system. As a test case, we

consider the Nakagawa et al. (2009) nozzle. It is

a well-known two-phase ejector nozzle described

in the literature of CO2 refrigeration systems. The

geometry of the nozzle is defined by a set of

design variables: inlet diameter, outlet diameter,

convergent and divergent length, throat diameter,

and width of the nozzle. The nominal values are

reported in Table 1. The performance of the nozzle

is evaluated on the basis of the isentropic effi-

ciency metric, which is defined as:

η =
(h01 − h2)

(h01 − h2s)
(1)

where h01 is the total enthalpy at the nozzle inlet,

h2 is the actual enthalpy at the nozzle outlet, and

h2s is the enthalpy at the nozzle outlet for an

isentropic expansion process.

In an ejector system under any operating condi-

tion, the nozzle design must be able to provide the

required refrigerant mass flow rate for the cycle.

To ensure this, we define a constraint function to

minimize the deviation of the mass flow rate of the

nozzle, ṁ, from its reference value, ṁref , under

any operating conditions. We use the Absolute

Percentage Error (APE) as a metric to represent

the overall mass flow rate deviation. The APE is

defined as:

APEmass =
|ṁ− ṁref |

ṁref
× 100% (2)

We impose APEmass < 3% to restrict the devia-

tion.

3. Computational Framework

This section presents the one-dimensional ejector

nozzle model, the surrogate modeling approach,

and the optimization algorithm for the robust de-

sign problem.

3.1. 1D HEM formulation

To predict the performance of the nozzle, we im-

plemented a one-dimensional (1D) Homogeneous

Equilibrium Model (HEM). When phase change

occurs within the nozzle, the resulting two-phase

flow is modeled by assuming that the two phases

are in mechanical and thermodynamic equilibrium

in every section, with a single velocity, pressure,

temperature and chemical potential describing the

fluid mixture.

The governing conservation equations for mass,

momentum, and energy for the mixture are solved

along the axial direction of the nozzle. Spatial

discretization is performed using a finite-volume

approach. The source terms account for the geom-

etry variation and losses due to viscous friction:

Δ(ρvA)

Δz
= 0 (3)

Δ
[
(p+ ρv2)A

]

Δz
=

pAw sin θ

Δz
− τwAw cos θ

Δz
(4)
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Δ
[
ρvA(h+ v2/2)

]

Δz
= 0 (5)

where ρ is the volume-averaged mixture density,

v is mixture velocity, p is mixture pressure, h is

static enthalpy, A is the cross-sectional area, Aw

is wall wetted area, θ is the opening angle of the

nozzle, and Δz is the axial distancing between the

control volume.

The model was validated under both subcooled

and supercritical inlet conditions using two cases

from Nakagawa et al. (2009): case b at an inlet

pressure of 6.1 MPa and case b at an inlet pres-

sure of 9.1 MPa. Using the one-dimensional shear

stress model proposed by Richardson (1958), we

obtain an average Normalized Mean Absolute Er-

ror (NMAE) of 17.7% for the static pressure dis-

tribution predictions. This is the same result for

1D HEM models with Richardson in (Tammone

et al., 2024).

The flow model is implemented in Python, fa-

cilitating its integration with optimization algo-

rithms and surrogate modeling techniques.

3.2. Surrogate modeling

The model described in the previous section is

computationally efficient compared to 2D or 3D

CFD simulations. However the computational cost

arises from the high number of evaluations re-

quired by the DRBO framework. In particular,

the need to repeatedly evaluate performance under

varying uncertainty realizations and to identify

worst-case distributions within the ambiguity set,

significantly increases the total number of model

queries.

To mitigate this issue, a surrogate metamodel

is utilized to approximate the objective function.

Furthermore, this approach ensures the scalability

of the framework, making it suitable even when

higher-fidelity models are considered. This ensure

it can be seamlessly extended to 2D or 3D CFD

simulations in future developments.

In this study we chose as surrogate model

a Gaussian Process Regression (GPR) for its

ability to accurately capture the complexity of

multi-dimensional response functions (Duvenaud,

2014). A GPR is a distribution over func-

tions such that any finite set of function values

f(x1), f(x2), ...f(xN ) has a joint Gaussian distri-

bution (Seeger, 2004). A GPR model, before data

acquisition, is specified by its mean function μ(x)

and the covariance function, also called kernel.

The structure that can be captured is entirely

determined by its kernel. To better capture the

data structures, we decided to implement the au-

tomatic model construction method proposed by

(Duvenaud, 2014). The method defines a gram-

mar to build kernels and then searches the kernel

structure that best fits the data. To accomplish

this task, a greedy algorithm is used to iteratively

add or remove kernels based on their Bayesian

Information Criterion (BIC):

BIC(M) = log p(D|M)− 1

2
|M |logN (6)

where p(D|M) is the marginal likelihood with

optimal kernel hyperparameters, |M | is the num-

ber of kernel parameters, and N is the number of

data points. The reader is referred to (Duvenaud,

2014) for a detailed description of the grammar

construction.

Our implementation of the surrogate model is

based on the GPFlow (Matthews et al., 2017)

python library, which provides a flexible frame-

work for building and training Gaussian Process

models in Python.

3.3. Optimization algorithm

Given the uncertain nature of the distributions of

the problem and the computational cost associ-

ated with the high number of fluid simulations,

we employ the Distributionally Robust Bayesian

Optimization (DRBO) algorithm introduced by

Kirschner et al. (2020), to obtain a nozzle design

that remains optimal under the worst-case distri-

bution of uncertain parameters.

The DRBO process aims to optimize a black-

box objective function f : X × C → R over

the set X ⊂ R
m of the design variable x and the

set C ⊂ R
n of uncontrolled contexts c, which in

our case is described in Section 2.1. The method

can be described as a Bayesian Optimization (BO)

process that uses the solution to a Distributionally

Robust Optimization (DRO) problem as its acqui-

sition function solution. Next, we briefly describe
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the BO and DRO acquisition function. More de-

tails can be found in (Kirschner et al., 2020; Tay

et al., 2022; Kuhn et al., 2019).

The Bayesian Optimization algorithm seeks the

global maximum of the black-box function f

by sequentially querying f through observations

yt := f(xt, ct) for a certain number of iterations

t = 1, ..., T . The selection of the next query

point is guided by a so called acquisition function.

Each query to the surrogate is considered costly,

meaning that the maximum should be found in as

few queries as possible (Frazier, 2018). The black

box-function is modeled using a GPR. The GPR

is updated at each iteration with the new query

points.

As an acquisition function, the DRO approach

aims to track the optimal solution that maximizes

the expected function value under the worst-case

distribution of an external contextual parameter:

max
x∈X

inf
qt∈Ut

Ec∼qt [f(x, c)] (7)

Here, the uncontrolled context c is considered a

random variable that is sampled from a distribu-

tion pt ∈ Ut ⊂ R
|C|. The nominal distribution

pt is a prior knowledge of the distribution of c.

However, since we do not have a clear indication

about the true distribution of the uncertainties, the

DRO procedure considers the setting where c is

subject to distribution shift. This means that there

exists an unknown true distribution p∗t such that

c ∼ p∗t . In Eq. (7) this is modeled by Ut which

is called ambiguity set and it is defined to contain

all possible p∗t . To handle distributional shifts, we

define an ambiguity set Ut as a ball of radius

εt around the nominal distribution pt, such that

Ut = {q ∈ P(C) : d(pt, q) ≤ εt,1
�q = 1}.

The DRO acquisition function then identifies the

design x that maximizes performance under the

most unfavorable distribution q within this ambi-

guity set.

The definition of the nominal distribution pt
plays a important role in the optimization strategy.

Depending on how the nominal distribution pt
is defined, two different DRBO approaches can

be formulated: General DRBO and Data Driven

DRBO (Kirschner et al., 2020). In the General

DRBO the nominal distribution is defined at the

beginning of the optimization process and never

changed through out the process, while in Data

Driven DRBO the nominal distribution is updated

dynamically according to the new (c) contexts

observed at each iteration.

In addition to the choice of the nominal dis-

tribution update strategy, the definition of the

ambiguity set itself requires selecting a suitable

probability metric. In this study, we consider

maximum mean discrepancy (MMD) (Muandet

et al., 2017) and Wasserstein distance (Kuhn

et al., 2019) as distribution distances obtaining

four different DRBO settings: Waserstrein Gen-

eral (W-General), Waserstrein Data Driven (W-

Data Driven), MMD General (MMD-General),

MMD Data Driven (MMD-Data Driven).

The DRBO algorithm is implemented in Python

drawing on the material provided by (Tay et al.,

2022). Gaussian process regression was per-

formed using the GPFlow library (Matthews

et al., 2017), convex optimization tasks were han-

dled with cvxpy (Diamond and Boyd, 2016),

while the main Bayesian Optimization loop was

implemented using Trieste python library

(Picheny et al., 2023).

4. Results

In this section, we present the results obtained

from the implementation of the DRBO algorithm.

4.1. Surrogate model performance

We decided to build a surrogate model using GPR

to approximate the 1D HEM model described in

Section 3.1. We built two distinct surrogate mod-

els, one to predict the isentropic efficiency and

another one to predict the mass flow rate. The first

is used to return the observation of the objective

function, while the second is used to evaluate the

constraint of the optimization problem. For both

models, we followed the same procedure for data

generation and model training.

The initial Design of Experiments (DoE) was

made up of 100 samples generated using Latin

Hypercube Sampling (LHS) to ensure well-

distributed coverage of the input space. Each sam-

ple needs to be evaluated using the 1D HEM

model presented in Section 3.1 to obtain the isen-



152 Proc. of the European Safety and Reliability Conference (ESREL 2026)

tropic efficiency and mass flow rate values. How-

ever, such data set presents the issue of contain-

ing too many sample points with low efficiency

values, making it difficult for the surrogate model

to accurately learn the relationship between inputs

and outputs in high efficiency regions. To address

this, an adaptive sampling strategy was employed,

where the initial GPR model was trained on the

original data set and then used to identify and

sample additional points in regions of high effi-

ciency. This was possible by imposing a lower

bound constraint that forced the sampler to select

points with an efficiency greater than 40%. The

initial DoE was iteratively infilled until a total

of 180 samples were collected, ensuring a more

balanced representation of the input-output rela-

tionship across the entire efficiency spectrum. The

kernel of the model was learned along the other

hyperparameters applying the method described

in Section 3.2 to the initial DoE and the final data

set.

The performance of the surrogate models was

then evaluated using a new LHS test set of 100

samples. We evaluated the performance of the

models using the coefficient of determination (R2)

and the Mean Absolute Error (MAE). The results

shows a R2 and MAE scores of 0.85 and 0.043

for isentropic efficiency and 0.99 and 8.7 · 10−4

for mass flow rate. Since the isentropic efficiency

is bounded in the interval [0, 1] and the nominal

mass flow rate of the Nakagawa nozzle is 2.3 ×
10−2, we considered these error levels sufficient

to proceed with the subsequent optimization pro-

cedure in this current work. The investigation of

advanced adaptive sampling strategies to further

improve model fidelity is left for future work.

4.2. Optimization Results

The results of the General and Data Driven

DRBO algorithm with both the Wasserstein (W-

General, W-Data Driven) and MMD (MMD-

General, MMD-Data Driven) distances are pre-

sented in this section. They are compared against

the nominal geometry of Nakagawa and a non-

robust optimized geometry (O-NR), which is ob-

tained as the solution of a BO loop with the Ex-

pected Constrained Improvement (ECI) acquisi-

tion function (Gardner et al., 2014). The designs

are first compared at the nominal conditions, and

then an uncertainty quantification (UQ) analysis

is conducted on the nominal optimal profiles to

assess and compare their performances. The anal-

ysis is carried out using the 1D HEM model and

the uncertain parameters are sampled through an

LHS of 100 points.

Nominal conditions: The nominal Nakagawa

geometry at nominal operating conditions yields

an efficiency of 48.3%, while the O-NR design

yields a value of 50.7%. The Wasserstein robust

optimization results show efficiencies of 66.8%

and 53.2% in the General and Data Driven ap-

proaches, respectively. While the MMD robust

optimized designs show efficiencies of 53.7%

and 59.4% in the General and Data Driven ap-

proaches, respectively. We notice that the robust

optimization approach outperforms both the nom-

inal and non-robust optimized design. The profiles

of the nominal designs are shown in Table 3.

The results suggest that the highest perfor-

mances are achieved by the shortest nozzles. This

is due to the accumulation of frictional losses

along the nozzle wall, that cause shorter nozzles

to operate more efficiently by minimizing the wet-

ted surface area. In fact the primary determinant

of nozzle performance is found to be wall fric-

tion, which reduces both the maximum achievable

mass flow rate and the total pressure of the flow.

This total pressure loss arises because the me-

chanical energy dissipated by friction is converted

irreversibly into heat and cannot be recovered as

useful work. In addition to these effects, wall

friction also delays the near wall flow, reducing

the effective cross-sectional area and displacing

the location of maximum velocity downstream of

the geometric throat as seen for all the cases.

Uncertain conditions: the UQ analysis is con-

ducted by running 100 simulations for each de-

sign. The results of the analysis are presented in

Figure 1, which shows the Probability Density

Function (PDF) of the efficiency for the nozzle

design solutions. The optimization results indicate

that mean efficiency values of the robust opti-

mized results are better than those of the O-NR

and the Nominal geometry. Similarly, we observe
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Fig. 1. PDF comparison between the robust optimized and baseline profiles.

Table 3. Nominal designs

Throat Height Outlet Height Divergent Length Convergent Length Inlet Height Nozzle Width

Nominal 1.20e-04 1.95e-04 5.61e-02 2.74e-02 5.00e-03 3.00e-03
O-NR 1.44e-04 1.97e-04 5.73e-02 2.97e-02 5.67e-03 2.43e-03
MMD-Data Driven 1.43e-04 1.95e-04 4.06e-02 2.93e-02 5.54e-03 2.36e-03
MMD-General 1.44e-04 1.95e-04 5.05e-02 3.01e-02 6.00e-03 2.48e-03
W-Data Driven 1.44e-04 1.95e-04 3.35e-02 2.99e-02 2.82e-03 2.47e-03
W-General 1.44e-04 1.95e-04 3.09e-02 3.01e-02 2.75e-03 2.08e-03

Table 4. Efficiency statistics for the optimized and nomi-

nal Nakagawa designs

Design Mean(%) 5%-q(%) 95%-q(%)

Nominal 46.99 42.43 50.62
O-NR 50.35 47.07 53.67
W-Data Driven 54.83 48.59 61.70
W-General 56.67 48.59 65.33
MMD-Data Driven 53.36 50.19 57.61
MMD-General 51.26 47.84 54.22

that the 5% and 95% quantiles for the nominal

and non-robust designs are worse than those of

the robust solutions. The numerical values are

reported in Table 4. These results highlight the

effectiveness of the DRBO approach in enhanc-

ing the robustness of the nozzle design against

uncertainties under operating conditions, for both

distances, with the best performance achieved by

Wasserstein distributional shift characterization.

5. Conclusions and Future Work

In this study we applied the DRBO framework

to an optimization of a two-phase ejector nozzle

achieving consistent improvements in isentropic

efficiency across uncertain operating conditions

and geometry imperfections. Overall, all robustly

optimized designs outperform the nominal and O-

NR design in terms of mean efficiency and quan-

tiles.

This is a preliminary study, and future work can

explore several extensions in greater depth. First,

higher-fidelity CFD simulators can be included in

the framework to better capture the complex fluid

dynamics of turbomachinery components. While

the current study uses a uniform nominal distri-

bution as a reference, future work could explore

non-parametric or data-derived nominal distribu-

tions to further refine the ambiguity sets. Future

research could also extend the DRBO approach to

multi-objective optimization problems.
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