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In this paper, we propose a prescriptive maintenance policy for a two-unit system subject to degradation. We suppose
that the system is inspected only once during its mission duration, that both mission duration and inspection time
are predetermined, and that the inspection allows to know the exact value of the degradation level of the units. It is
assumed that units fail when their degradation level exceeds a given failure threshold, that failures are not
self-announcing, and that maintenance activities can be performed at the inspection time only. Moreover, it is also
assumed that maintenance activities can involve only prescriptive actions that consist in tuning the usage rate of the
units when this is deemed convenient. The production rate depends on the usage rate. Higher usage rates incur higher
usage costs. On the other hand, reducing the usage rate of a unit slows its degradation process and reduces the risk
of failure. The production rate of a failed unit is zero. We assume that there exists a target production rate for the
system and that missing the target triggers economic penalties conceived to compensate for the loss of production.
Both low usage rates and failures can incur penalties. The tuning of the usage rate is made via a condition-based
rule that uses the information gained through the inspection. Objective of the policy is to find the optimal trade-off
between usage costs and penalties. The optimal policy is found by minimizing the expected overall cost.

Keywords: Condition-based decision, prescriptive maintenance, usage rate tuning, two-unit system, bivariate
gamma degradation process.

1. Introduction

Prescriptive Maintenance (PsM) has recently
emerged as a paradigm that enhances the
effectiveness of traditional Predictive Maintenance
(PdM). While PdM approaches focus on
forecasting the future state of a system, PsM
(Longhitano et al. 2021) optimizes decision-
making by recommending actions that encompass
not only standard maintenance interventions - such
as inspections and preventive or corrective
replacements - but also operational prescriptions
about how the system should be operated.

In line with the research route outlined by
Longhitano et al. (2021), Esposito et al. (2022), and

Esposito et al. (2023a), in this paper we focus on
prescriptive actions that consist in modulating the
system’s usage rate. Specifically, we focus on a
two-unit degrading system and assume that the
only action that is available at decision epochs
consists in adjusting the usage rate of the units,
when this is deemed beneficial. Indeed, while a
lower usage rate reduces the risk of incurring a
failure, it also reduces the production rate. Both
usage rate reductions and failures could incur
penalties. Moreover, operating the units at higher
usage rate incurs usage costs that are not always
counterbalanced by added rewards. Consequently,
the optimal decision rule must be identified by
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determining the optimal trade-off between
reliability gains, usage cost, rewards, and penalties.
The proposed PsM identifies the optimal policy by
minimizing the total expected cost in a single
mission.

Regarding the penalties, we assume that a
contractual clause establishes a target production
rate for the system and that missing the target
triggers economic penalties conceived to
compensate for the loss of production.

In this preliminary study, we focus on a
mission-oriented problem and assume that both the
mission duration and the inspection time are
defined a priori. The inspection is assumed to
provide the exact degradation level of both the
units. Moreover, we assume that the system can be
inspected only once during the mission. In fact, we
consider this setting to evaluate the effect of the
suggested decision rule, minimizing the risk that it
might be masked by the effect of other actions or
maintenance decisions.

However, the idea of developing a single-
inspection condition-based policy is not new
(Crowder and Lawless 2007, Finkelstein et al.
2020, Cha et al. 2022, Esposito et al. 2023b, and
Esposito et al. 2026) and can be often justified by
using economic arguments (Yuan et al. 2021,
Piscopo et al. 2024, and Esposito et al. 2026)
especially in sectors, such as offshore wind energy
and the petrochemical industry, where very high
mobilization costs for specialized technical teams
justify the decision of performing all the
maintenance tasks at the same inspection epoch.

The degradation process of the units, which
are supposed to be identical, is modeled by using
two stochastically independent gamma processes.
The decision of selecting the gamma process as
reference degradation model is due to its
widespread adoption and proven flexibility in
maintenance modeling (van Noortwijk 2009).

The units are considered failed when their
degradation level exceeds a critical threshold.

The rest of the paper is organized as follows.
Section 2 describes in detail the proposed policy.
Section 3 illustrates the adopted degradation
model. Section 4 and 5 describe the formulation of
the cost function. Section 6 presents the results of
an application example, while Section 7 is devoted
to conclusions.

2. The maintenance policy
We consider a system consisting of two identical
units that operate over a mission of fixed duration
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T. At the end of the mission, both units are
decommissioned at a fixed cost, regardless of their
condition. During the mission, no replacement is
allowed. Nevertheless, we suppose that at the
predetermined time T an inspection is performed
which returns the exact degradation level of both
units and that, based on the output of the
inspection, a decision is made about whether to
operate the units at their current usage rate or
modifying it to mitigate the risk of failure.
Reducing the usage rate of a unit slows its
degradation process but determines a production
loss that might incur penalties if not adequately
compensated by the production rate of the other
unit. On the other hand, operating a unit at a high
usage rate can incur failures that in turn could
determine penalties if the other unit works at a
usage rate that does not allow the production rate
to meet the target. About the mentioned penalties,
we assume that a contractual clause establishes a
target production rate, say rp = 1, for the system
and that missing the target triggers economic
penalties, conceived to compensate for the loss of
production. The amount of the penalty depends on
the difference between the actual production rate of
the system and the target.

It is supposed that each unit, at the maximum
usage rate, has a production rate that equals the
target, so that the system production rate can
double the target. Operating both the units at their
maximum usage rate could allow the system to
satisfy the target even if one of the units fails.
However, this option entails usage costs that are
not compensated by increased revenue, because
exceeding the production target does not result in a
bonus or extra reward.

We also suppose that each unit can be either
operated at its maximum usage rate (say 1) or at
half of it (say 0.5). The usage rates of the units are
decided at time zero, where both the units are
assumed to be new, and at the inspection time T,
where their optimal values are identified via a
condition-based decision rule, which is informed
by the output of the inspection.

Units are assumed to fail when their
degradation level exceeds an assigned failure
threshold. Failures are assumed to be not
self-announcing (Bismut et. al. 2022 and Bautista
et al. 2022), so that they can be detected only at
inspection time or at the end of the mission, when
the units are dismounted. Failed units can continue
to operate, albeit at production rate 0. Their usage
rate can be changed only at the inspection time.



3. The degradation model of the system
Let’s start considering the case where the two units
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EW,(©)} = a(u) - t/4, )
VWi (0} = a(w) - t/2%. (6)

in the absence of maintenance actions, are operated
at fixed non-null usage rates, say u, and u,. In this
case, to describe the evolution of the degradation
level of the two units, we use two stochastically
independent homogeneous gamma processes, say
{Wy(t);t =0} and {W,(t);t =0} (Abdel-
Hameed 1975).

The homogeneous gamma process is a
Markovian stochastic process with stationary and
independent increments. Thus, under this setting,
given an initial condition, here W;(0) = 0Vi €
{1,2}, the process {W;(t);t = 0} is fully defined
by the distribution of its increment, that is gamma
distributed.

By following Tseng et al. (2009), Esposito et
al. (2023a), and Esposito et al. (2023b), we express
the probability density function (pdf) of the
increment AW; (¢, t + At) = W;(t + At) — W;(¢)
of the process {W;(t); t = 0} as:
fawe.e+ae)(07)

palup-at 6;1(“1')'At_1 .o~
F'(a(uy) - At)
where I'(*) is the gamma function (viz. T'(y) =
fooo z¥"1-e7%dz,y > 0), and A and a(y;) are
positive parameters.

Thus, roughly speaking, we assume that
{W;(t); t = 0} is a gamma process whatever u;,
and that u; only affects the value of the parameter
a(u;), while A does not vary with it.

From (1), the marginal cumulative
distribution function (cdf) of the increment is:
V) a8y

Tla(w)-AD) '
where y(+,), is lower incomplete gamma function
(viz., y(y,b) = fob z¥"1-e7%dz, y > 0).

From (1) and (2), the pdf and cdf of W;(t) =

AW; (0, t) are:

Il 6]: 2 OI (1)

FAWi(t,t+At) (5z) =

fi Wi(t)(Wi)
pLICHEM Wia(ui)-t—l Ce—Awi
— NCOPLD) , w;=0(3)
and
Fwiy(wy) = %, 4)
respectively.

The mean and variance of W;(t) are:

From (1) and (3), the conditional cdf of
W;(t), given W; (1) = w; ,, fort < 7, is:

Fyiolwy (Wi |Wi,r)

— Wl . .
=B = Dtaw) - @-0v) |, @)

where B(*; -, ) is the regularized lower incomplete
beta function:
fy Zb-1.

) z¢7ldz
RO CON

with b, ¢ > 0, and B(:,") is the beta function:
Bs,0) 2 T TO
DT T ro)

The joint cdf of W, (t;) and W, (t,) is:

, 0<5y<1,

FW1(t1) Wz(tz)(Wv w,) = 1_[ Fy, D) (wy)
=1
1—[ y(a(u) - tul yla(u) &, 1 w) ®)
F(a(w) - t;)

Let us denote by u; ; the usage rate of the
unit i in the time interval j, where i = 1 indicates
the unit 1, i =2 indicates the unit 2, j =1
indicates the interval (0,7) and j = 2 the interval
(7, T). So that, for example u, , indicates the usage
rate adopted for the unit 1 in the time interval
(z,T). To model the effect of maintenance actions
we assume that:

Assumption 1

m Given u, , and u, ,, the evolution of degradation
growths of the two units in the time interval (z, T),
say Hy(t,T) ={AW,(7,t;); T<t; <T} and
H,(t,T) = {AW, (7, t,); T <t, < T}, are
conditionally independent of the histories, say
H,(0,7) = {W,(t;); 0 <t; <t} and H,(0,7) =
W,(t,);0<t, <1}, of {W;(t;);t; =0} and
{W,(t,);t; = 0}in (0,7).m

Note that, under the policy we propose in this
paper, AW,;(tr,T) and AW,(r,T) are not
(marginally) independent of W, (7) and W,(1),
because the usage rates u,, and u,, are set by
using a decision rule that uses as input data W, (1)
and W, (7). This in turn also implies that u, , and
U,, are random variables. Nevertheless, for
economy of notation we use the lowercase letters
both for them and their realizations. Finally, for
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simplicity, yet without loss of generality, the link
between the parameter a(ui‘ j) and the usage rate
u; j is modeled by using the linear function:
a(ui’j) =Qap- ui'j . (9)
In developing the numerical example
presented in Section 6, we will assume that both at
time t = 0 and t = 7, the decision can even be
operating only one unit or none of them. In this
latter case, to indicate that a unit is not operated we
will write that its usage rate is 0. Consequently, we
will also assume that if a unit is not operated in
(0, 7) its degradation level at T is 0 with probability
L.

3.1. Lifetime of the units

As per the classical failure threshold model, we
assume that the units fail when their degradation
level passes an assigned failure threshold, say D.

Due to the monotonic nature of the gamma
process, the cdf of the lifetime of the unit i, say X;
(ie(12),is:

in(x) =1- Fwi(x)(D)-

Thus, from (7), the conditional cdf of X,
given W;(t) =w;,, when w;. > D, can be
expressed as:

Fx, w0 (x|w;)
= 1= Fyiwyo (D|wiz)

=1-B (Win, a(ugy) % aluy,) (- x)>.

(10)
The (10) can be used for any x € (0, 7).

Whereas, from (2), under the Assumption 1,
when w; < D, the conditional cdf of X;, given
Wi (1) = wi; and u; ,, is:

Fxjw; (x|Wi,T)
=1- FAWi(T,x) (D - Wi,‘r)

—1 v (a(wia) - =02 (0 - wir)) (11)
r (a(ui'z) (x— T))

The (11) canbe used fort < x < T.

4. Formulation of the mission function

No replacements are allowed. Costs consist of
penalties, which depend on the production rate, and
of usage costs, which depend on usage rates. Let
Cpe (r(t; u, X)) - dt denote the penalty incurred in
(t,t +dt) when the system production rate is
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r(t;u, X), where u = {u;, u,}, uy = {uy4,uy,},
U, = {uy,,uy,}, X ={X,X,}, and X; is the
failure time of the unit i. The production rate of the
system is defined as:
r(t;u X)

= (7'1,1 Logsg F 121 1{Xz>t}) “Lisq

+(r1,2 Ao+ 7220 1{X2>t}) Aesop (12)
where 1;; is the nominal production rate
corresponding to the usage rate u; ;. Whenw; j is 1,
then 7; ; is equal to the target production rate 7y,
While, when u; ; is 0.5, then7; ; is 7. /2. When u; ;
is zero, then 7;; is zero. Failed units have
production rate 0, irrespective of their usage rate.
The expression of 7(t; u, X) accounts for the effect
of failures via the function 1z, which takes the
value 1 when E is true and 0 otherwise. In this
paper, for simplicity, yet without loss of generality,
we will set 1 = 1. Thus, see (12), r(¢t; u, X) can
take values 0, 0.5, 1, 1.5, and 2.

It is assumed that at time ¢t = 0 the units are
new (i.e., att = 0, W;(0) = W,(0) = 0).
The penalty in (0, 7) is:

T
CY (g, uy, X) = f pe(r(tw, X))dt, (13)
0
while the penalty in (z,T) is:
T
CP (uy,u,, X) = f Cpe(r(Gw, X))dt. (14)
T

The usage cost C, (u,, u,), which quantifies
the cost of operating the units at rate u over the
mission duration, is computed as:

Cu(uliuz)
= Z cu(ul-,l) T+ cu(ul-,z) (T —1). (15)

where ¢, (u) is the usage cost rate of a unit that
operates at usage rate u.

Notably, the usage cost C, (1, u,) depends
only on u (indicating that usage costs are the same
regardless of the failure time of the units). Setting
the production rate to zero means that the unit does
not operate and incurs a usage cost that is equal to
zero.

It is finally assumed that, at the end of the
mission, the system is decommissioned at a fixed
cost 2 - ¢4, independently of its degradation state.
However, if one or both units remain unused
throughout the mission (i.e., their usage rate is set
equal to 0 over the entire mission), a cost saving
equal to ¢ is realized for each unused unit.
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Hence, the decommission cost C,; (1, u,) is:
Ca(uy, uy)

=Cq- (1{u1,1+u1,2>0} + 1{u2,1+u2,z>0}) . (16)

Thus, the total cost Cr(uy, u,) incurred in a
mission is:

Cr(ug, uy, X) = C,(uy, up) + Cq(uy, uy)

2 .
+) O X (17)
]=

The maintenance policy sets the usage rates
uy; and u, 4 to use in (0, 7) and defines the rates
U, , and u, , to use in (7, T) based on the observed
states w; ; and w,, of the two units at 7. The
decision at 7 is made by using a two-dimensional
rule, say A(w,), where w, = {WLT, WZ‘T}, which
maps optimal values of u, , and u, , as a function
of wy ; and w, ;. It is worth pointing out that, due
to the Markov assumption, the shape of the
function A(w,), only depends on w,, and is
independent of the maintenance decisions in the
interval (0, 7).

Objective of the maintenance policy is
minimizing  the expected mission  cost
E{C;(uy,u,, X)}. The optimal policy is found by
setting u, in all the available manners, defining for
each of these settings the policy that minimizes the
expected mission cost, and selecting among all the
resulting policies the one which provides the global
minimum.

The function A(w, ) is discretized over a grid
partitioning (0, )2, and returns the same action
(i.e., values of the usage rates of the two units) for
all the points pertaining to the same cell. The
optimal policy associates to every cell the action
that minimizes the expected mission cost. The
proper grid resolution is determined by
progressively increasing the density until the
mapping exhibits invariance to further refinement,
thereby ensuring that the numerical solution is
independent of spatial discretization.

5. Formulation of the expected mission cost
The expected mission cost incurred by performing
the action A, at t = 0 and using the function
A(w,) at T is denoted as:

E{C; (A, AW(D)),X)}.
where W (1) = (W1 (1), W, (‘L')).

The aim of the policy is defining the action
o and the function A*(w,) that yield the
minimum expected mission cost Cy.
When A, = u,, the expected mission cost is
approximated by using the following formula:

E{C;(u, AW (), X)}

M
=> E{Cr(wy, AWD), X)) x
m=
x P(W(7) € Cell,,),
where M is the number of cells of the grid, Cell,,

is the cell m, and w,,, = (Wy ;,,, W, 1) is its center.
The probability P(W (1) € Cell,,) is computed as:

P(W(®) € Cell,,)

2
= 1_[ Ao (Vimen) =Fuio (vim)]
i=

where vy, V1 m+1> Vam»> Vam+1 are the vertices
of the m-th cell, vy = Vypye1 =, and
Fy (") is the cdf (4).

The conditional expected mission cost, given
W(t) = w,, when A, = u; and A(w,,)) = u,, is:
E{CT (AO'A(W(T))'XNWm} = Cy(uy, uy)

2 .
+Cq(uy, up) + Z 1E{C£,£(u1,u2,X)|wm}.
j=

In fact, given W(r) =w,,, the usage cost
C, (uy, u,) and the decommission cost C, (1, u,)
are univocally determined.

Differently, given W(t) = w,,, when A, =
u, and A(w,)=u, Cﬁ,) (uy,uy,,X) and
C;S? (uy, u,, X) still depend on X. Thus, given that

the pdf of X depends on w,,, from (13) and (14)
their expected values can be computed as:

E{Cye (s, X0 |w,

=E {f:cpe(r(t; u, X)) dt

wm} (18)
and
E{CsD (uy, 1wy, X) |}

T
=E{f cpe(r(t;u, X)) - dt wm}. (19)

In both these equations 7 (t; u, X) is determined as
per Eq. (12).

The conditional expected costs (18) and (19)
can be computed by using the following
expressions:
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mw,,, <Dandw,,, <D
E{C(l)(u1 uy, X)|wy, } = Cpe(riy +151) " T

and
E{Cé?(upuz,xﬂwm} = Cpe(rl 2+ rz 2) (T—-1)

+ (Cpe(o) Cpe(riz + 12 z) f anuw (x| Wim) dx
+ (CPE(TZ,Z) - Cpe(rl,z + rz,z)) ' f

o (e ~ | [Frawio (i)
i=1

2
FXZIWz(r)(x|W2,m) - 1_[in|Wi(T)(x|Wi.m)] dx

T
+ (Cpe(rl,z) - Cpe(rl,z + 7’2,2)) ) f
T
mw,,, >Dandw,,, <D
E{C(l)(u1 uy, X)|w,, }

T
= cpol(rys +131) T+ (cpe(rz‘l) — Cpe(riy + Tz,1)) : f Fy iy o) (x| W) dx
0

and

T
E{C(Z)(ul,uz,X)|w } = cpg(rzlz) (T—-1)+ (cpg(O) - cpe(rz_z)) . f FX2|W2(T)(X|W2'm) dx

mw;,, < Dandw,,, >D

E{C;S? (ul,uz,X)|wm}

T
= Cpe(rl,l + rZ,l) T+ (Cpe(rl,l) - Cpe(rl,l + rz,l)) : f szlwz(r)(x|W2,m) dx
0

and
T
E{C;Ei)(ulfuZ:X)lwm} = Cpe(rl,z) ) (T - T) + (Cpe(o) - Cpe(rl,z)) ' f FX1|W1(1:) (xlwl,m) dx
T

mw;,, > Dandw,,, >D
E{C(l (ulruZlX)lw }

= Cpol(ria +132) T+ (cpe(O) Cpe(Ti2 + 75 2) f nFX wico) (xX|Wim) dx
.
f Fraw @ (X[ Wim) = <1—[ Frpwio (¥ |Wi.m)) dx]
OT tei
(o2 450 | [ B~ (] [ o)
and -

E {52 Gy 0, X)| Wi} = ,.(0) - (T =)

Details about the derivations of these formulas are not reported in this paper due to space constraints.

+ (Cpe(rz,z) = cpe(ria + 7‘2,2)) ’

6. Numerical example Table 1 reports the values we used for the
In this section, we present an example of  parameters of the cost and degradation models. The
application of the proposed maintenance policy. mission length is set to T = 100 and the inspection
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timeist =T/2 = 50.

Table 2 lists all the actions available at the
decision epochs, t =0 and t =7t. Thus, for
example performing the action A at t =0
consists in setting u; ; = 0.5 and u,, = 0.

Table 1. Parameters used in the numerical example.

a A D Cq cu(0) ¢, (0.5)
0.17 0.425 35 50 0 0.02
cu(D) pe(0) pe(0.5) cpe(1) cpe(1.5) pe(2)
0.05 25 15 0 0 0

Table 2. Actions available at decision epochs.
Usage rate
Action Unit

Action Unit

12 12
A, 11 Ag 05
A, 1 05 A, 0 1
A; 1 0 Ag 0 05
A, 05 1 Ay 0 0
As 05 05

We have applied the proposed policy under
this setting. It resulted that the optimal action Aj to
perform at t = 0 is either A5 or the symmetrical
one A,, and that the optimal decision function
A*(w,) to use at 7 is the one represented in Figure
1, where wy, is on the x-axis, w,, is on the
y-axis, and the color of each area in the plane
denotes the optimal action A*(w,) to implement
based on (w; ;, W, ;). The symmetry between A3
and A, as well as the symmetry of the decision
function A*(w,) with respect to the line w; ; =
w, . was expected, because the units are identical.

The expected mission cost incurred by using
the optimal policy is C; = 108.5.

When w, ; and w, ; are low and comparable,
A*(w;) = A;. As wy; and w,, increase, but
remain close to each other, the optimal action
becomes As. Both A, and A consist in operating
the units at the same usage rate. In contrast, when
there is a significant difference between w, ; and
W, ., the optimal action becomes A, if w;, is
significantly greater than w,,, while in the
symmetric case the optimal action is A,. The
actions A, and A5 are applied only when at least
one between w, ; and w, ; approaches or exceeds
the failure threshold. The actions A¢ and Ag are
never selected. Finally, action A, is adopted

exclusively when w; , and w,, both exceed the

failure threshold (to save on usage costs).
Adopting at t = 0 the action Az or A,

implies that in (0, T) only one unit is operated.

40 A,

Ay

30 A,

Ag

£ 20 As

Ay

A

10 o

Ay

0 &
0 10 20 30 40

Wie
Fig. 1. Shape of A*(w,).

To allow a deeper insight into the features of
the function A*(w,), let us focus on the optimal
policy obtained by setting Ay = A5. In this case,
given that the unit 2 is not operated, at 7 it will
certainly be w, ; = 0. Consequently, the decision
to be taken at t = 7 depends only on w, ;.

Figure 2 shows the behavior of the function
A*(w,), obtained when w, = {WLT, 0}, together
with the pdf fy, o (WLT) (see Eq. (3)) of the
degradation state of the unit 1 at time 7. The
colored area under the curve are the probabilities
that A*(w,) is the action corresponding to
considered color.

v, (W)

0 10 20 30 40

Wie
Fig. 2. Optimal action to undertake at T as a function of
Wi and pdf f w; (1) (Wl,‘r)

Figure 2 shows that, when w, ; is low, the
optimal action at 7 is still A3, which consists in
continuing to operate the unit 1 at the maximum
usage rate. In this case the unit 2 remains inactive.
This decision is motivated by the objective of
saving the cost ¢;. As w; ; increases, the policy
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selects actions that progressively involve the unit 2.
Initially, the policy employs both units at their
maximum usage rate (action A;). For higher
values of w, ., the usage rate of the unit 1 is
gradually reduced, with the optimal action shifting
first to A, and eventually to A .

To evaluate the effectiveness of the proposed
policy we have computed the expected mission
cost of policies that set all the usage rates a priori.
The best of these latter policies has turned out to be
the one that consists in operating, at the maximum
usage rate, the unit 1 up to 7 and the unit 2 from
to T. Under this policy the expected mission cost is
Cr = 110 — ¢;, where ¢; is the inspection cost,
which is not incurred by this simple policy. Thus,
since the expected mission cost of the proposed
prescriptive policy is C; = 108.5, then the cost
saving C; — C» = 1.5 — ¢; is positive unless ¢; >
1.5. We also report that the expected mission cost
that yields from using only one unit at its maximum
usage rate all over the mission duration is C; =
419.

7. Conclusions

This paper proposed a prescriptive maintenance
policy for a two-unit degrading system working
under  production  constraints, in  which
maintenance decisions are limited to adjusting the
usage rates of the units at a single, predetermined
inspection time. By explicitly accounting for the
influence of the usage rate on usage costs, failure
risk, and penalties arising from unmet production
targets, the policy finds optimal condition-based
prescriptions through the minimization of the
expected total mission cost. The numerical
example highlights the properties of the optimal
policy and illustrates how inspection information
enables reducing the expected mission cost, even
by using a single inspection only, with respect to
policies that set the usage rates a priori.
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