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In reliability tests, timed censored tests are the most widely used type. How to formulate system-oriented test plans
and calculate the test plan risks are current research hotspots. In this paper, a two-level collaborative timed censored
test framework of ”component-system” is constructed to achieve collaborative search and risk calculation of
”component-system” test schemes. Firstly, based on the assumption of exponential distribution, this paper establishes
a failure probability model of series systems and derives the system-level risk integral formula considering the
prior distribution of components. Secondly, an adaptive dimension hybrid integrator is proposed, which realizes the
adaptive switching among three methods: sparse grid, Gauss-Legendre and Monte Carlo, and was used to solve
high-dimensional coupled integrals. In addition, this study developed a two-level simulation verification process
of ”component-system” for the collaborative search of two-level schemes of ”component-system”. Finally, taking
the dual-exponential component series system scenario as an example in this paper, the algorithm has completed
the risk curve calculation and the collaborative optimization of the test plan. The results show that the proposed
framework can get the two-level test plans while meeting the risk constraints, providing theory and algorithm for
system reliability tests.
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1. Introduction

Reliability Qualification Test (RQT) is a manda-

tory process to verify whether a product meets

its design requirements and is usually conducted

during the development phase. Current studies

on RQT are extensive: by test type they in-

clude type-I censored, type-II censored and se-

quential censored tests; by lifetime distribution,

exponential[1-5], Weibull, normal, and binomial

models; and by system complexity, component-

level and system-level reliability tests. Among

these, component-level fixed-time censored tests

assuming an exponential lifetime distribution have

received the greatest attention, and a variety of

relevant test standards have been established both

domestically and internationally.

At present, domestic and international relia-

bility qualification tests are conducted primarily
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according to GJB 899A-2009[6] or MIL-STD-

781[7]. Both standards presume that lifetime fol-

lows an exponential distribution and formulate

test plans accordingly. They prescribe three cen-

sored test plans—Type-I (time-censored), Type-

II (failure-censored), and sequential tests. Among

these, the Type-I censored plan only requires the

total test duration to be fixed in advance; the

accumulated number of failures is subsequently

compared with a pre-specified acceptance thresh-

old to decide whether to accept or reject the prod-

uct. Owing to its administrative simplicity, this

test plan is frequently implemented in engineering

practice.

The traditional design methods for timed cen-

sored test plans, such as those specified in the

standards, mainly rely on the Poisson distribution

for risk calculation, as it is generally believed

that the lifetime of electronic products follows

an exponential distribution. When calculating the

timed censored test plans in practice, it is neces-

sary to specify the upper and lower limits of the

test for the average time between failures (MTBF)

to be verified, as well as the producer risk and

the consumer risk . Through calculation, the test

scheme is obtained, where is the test time and is

the number of qualified judgments. In GJB899A,

the schemes that do not exceed two types of risks

and can be found through discrimination compar-

ison. However, the test schemes provided in the

standard documents have problems such as long

test times for low-risk schemes and high risks for

short-time schemes.

To alleviate various problems associated with

standard test plans, contemporary research has

increasingly turned to integrating prior informa-

tion into reliability testing and evaluation. During

actual testing processes, test subjects often exhibit

certain accessible prior information, encompass-

ing historical data, expert judgments, and parame-

ters derived from similar systems. By utilizing this

prior information in parameter estimation for life-

time distributions and the determination of prior

distributions, the theoretical accuracy and stability

of reliability test plans can be substantially im-

proved.

How to effectively synthesize prior informa-

tion to optimize test schemes—simultaneously

improving reliability while reducing testing

costs—represents a critical research challenge. In

existing literature, researchers have explored us-

ing component-level prior information for param-

eter estimation of prior distributions in reliability

testing. The fusion methodologies include: maxi-

mum entropy methods for hyperparameter deter-

mination of prior distributions based on expert

judgments [8], moment-based methods for expec-

tation estimation of prior distributions utilizing

historical data [9], and total probability Bayesian

formulas for posterior distribution computation

with statistical data [10]. These approaches share

a common limitation: they typically address only a

single information category, essentially extracting

statistical characteristics from existing data to esti-

mate prior distribution parameters. Consequently,

they prove inadequate when confronting parame-

ter estimation scenarios where multiple informa-

tion sources present conflicts or redundancies.

System-level reliability qualification testing,

conversely, concentrates on estimating system re-

liability indices by leveraging field data from

component-level reliability tests. However, the

majority of existing studies either adopt classi-

cal distribution assumptions—such as exponential

distribution assumptions—for system lifetime dis-

tributions, or fit empirical distributions based on

simulation data, without considering their specific

analytical distributions [11-16, 19].

Based on current research, three critical issues

are identified: (1) multi-source prior information

fusion is compromised by complex or conflicting

component data; (2) risk calculation based on sys-

tem structure and component distribution remains

scarce, with most studies relying on classical as-

sumptions lacking interpretability; (3) collabora-

tive planning between component and system-

level tests is limited, focusing on post-test eval-

uation rather than pre-test guidance.

To address these, our previous work proposed

a PSO-MEM framework for fusing conflicting in-

formation. This study extends to system-level risk

modeling, constructing a ”component-system”

two-level framework for collaborative test plan-

ning.
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The paper is organized as follows: Section 1

introduces the hierarchical framework; Section

2 presents an adaptive integrator and simula-

tion framework; Section 3 demonstrates via case

study; Section 4 concludes with limitations and

future directions.

2. System-Level Risk Modeling

2.1. Risk Modeling for Series Systems

2.1.1. Failure Count Probability Modeling

The structural characteristic of series systems re-

quires that all components operate normally; when

any single component fails and ceases operation,

the entire system fails and stops functioning. Con-

sequently, the system failure count equals the sum

of individual component failure counts.

Based on the relationship between system fail-

ure determination and component failures under

the aforementioned series structure, let the system

failure count be denoted as random variable Ns,

and the failure count of component i as random

variable Ni. According to the association between

system and component failure counts, the follow-

ing equation holds,

Z =
∑m

i=1
Xi (1)

Therefore, taking a two-component series sys-

tem as an example, the probability density func-

tion of the system failure count Z is equivalent

to the convolution of the failure counts Xi of

all components, while the cumulative probability

function of the system failure count Z is the sum

of discrete probability density functions.

⎧⎪⎨
⎪⎩
Ps(Z = k) =

k∑
r=0

P1(X = r)P2(Y = Z − r)

Ps(Z ≤ C) =
∑

0≤n≤C

Ps(Z = k)
(2)

Given the convolution closure property of the

Poisson distribution, the system failure count Z

over a time period still follows a Poisson distribu-

tion:

Ps(Z = k) =
exp(−∑m

i=1 λiTs) · (
∑m

i=1 λiTs)
k

k!
(3)

where m is the count of units for a series sys-

tem.

2.1.2. Prior Probability Modeling for
Parameters

This study conducts test plan risk modeling

and calculation from both system-level and

component-level perspectives. In the preceding

component-level research, risk calculation and

scheme searching were implemented for expo-

nential and Weibull distributions based on failure

count probabilities and parameter prior probabil-

ity models. The system-level parameter prior dis-

tribution builds upon the prior formulas of individ-

ual components, with particular emphasis on the

fusion calculation of prior probability models for

multiple components.

From the previous step, it is established that

the system failure count follows a Poisson dis-

tribution. Based on the relationship between the

exponential and Poisson distributions, the time

between failures Ts of the series system follows

an exponential distribution:

Fs(Ts) = 1− exp(−
∑m

i=1
λe,iTs) (4)

where λi represents the failure rate of com-

ponent i, and the mean time between failures

(MTBF) corresponds to the expectation of this

exponential distribution:

θ̂s = 1/
∑m

i=1
λi (5)

In industrial production, estimation of product

failure rates typically relies on sampling inspec-

tion results, where frequency is often substituted

for probability. However, small-sample product

testing tends to introduce substantial deviation er-

rors. To address this issue, recent studies have gen-

erally replaced the traditional assumption of ”con-

stant failure rate” with ”failure rate as a random

variable following a specific distribution,” with

common distribution types including the Gamma

distribution Gamma(a, b) and the Uniform distri-

bution Uniform(a, b), among others.

The cumulative failure probability distribution

for series systems has been presented in Eq.(4).
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When calculating system risk, the numerator in-

volves computing the joint probability distribution

between the probability density function of the

failure rate parameter and the probability density

function of the failure count, that is P (rs <

C, θs < θs1).

Therefore, it is necessary to construct the proba-

bility density distribution of the series system fail-

ure rate. Existing research has provided the deriva-

tion process for the failure rate of exponential-type

components in series structures [1] (Jiang, 2022),

demonstrating that the series system failure rate

equals the sum of individual component failure

rates:

λs =
∑m

i=1
λi (6)

Regarding the modeling of failure rates, it is

first necessary to determine their respective prob-

ability distributions. Tan (2025) [18] compared

three types of prior distributions and concluded

that the uniform distribution, when serving as

the prior distribution for the failure rate of an

exponential distribution, exhibits favorable stabil-

ity and approximation properties. Therefore, we

have:

λi ∼ Uniform(ai, bi) (7)

where ai and bi are the parameters of the uniform

distribution. The probability density function of

the component failure rate can be further derived

as:

fλi(λ) =
1

bi − ai
· I[ai,bi](λ) (8)

where I(·) denotes the indicator function, which

equals 1 when ai ≤ λi ≤ bi and 0 otherwise.

The uniform distribution assumption is gener-

ally applied when no prior information or his-

torical data is available; specific justifications

should be consulted in relevant literature to clar-

ify the prior distribution for the parameter λ of

the exponential distribution. Subsequent research

could analyze the impact of component priors on

their posterior estimation and system-level effects

under different prior distributions, such as the

Gamma distribution and Negative Log-Gamma

(NLG) distribution. In summary, the joint prob-

ability distribution of the system under different

prior parameter combinations is directly repre-

sented by multiplying the probability distributions

of individual prior parameters, denoted as π(θ),

where θi represents the complete set of prior

parameters associated with a particular compo-

nent. For exponentially distributed components,

θi = {ai, bi}; for Weibull-distributed compo-

nents, θi = {ai, bi, ci, di}.

πs(A) =

n∏
i=1

πi(A) (9)

2.1.3. System Risk Calculation Formulas

Since a system comprises multiple components

with specific structural characteristics, its failure

count and failure rate during the test duration dif-

fer in modeling from those at the component level.

However, the fundamental definitions of system-

level test risks remain identical to those at the

component level. Jiang (2022) and Wang (2024)

[19] have provided definitions for the two types

of risks in component-level testing: Type I risk

α represents the probability that a test subject

meeting the qualification criteria fails to pass the

predetermined acceptance criterion, also known as

the ”producer’s risk” or probability of rejecting

a true hypothesis; Type II risk β represents the

probability that a test subject failing to meet the

qualification criteria passes the predetermined ac-

ceptance criterion, also known as the ”consumer’s

risk” or probability of accepting a false hypothe-

sis.

Based on the previously derived system failure

rate probability modeling and failure count prob-

ability modeling, combined with risk formulas

from prior research, the derivation process for the

two types of risks in series systems is presented

below:

αs = P (r > Cs | θs > θs0)

=
P (r > Cs, θs > θs0)

P (θs > θs0)

= 1− P (r ≤ Cs, θs > θs0)

P (θs > θs0)

= 1−
∑Cs

r=0

∫
θs>θs0

Ps(r) · πs(A) dA∫
θs>θs0

πs(A) dA

(10)

The above equation represents the Type I risk

formula αsys for series systems, where PNs(rs ≤
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Cs|λ, Ts) denotes the failure count probability

distribution of the series system, with different

probability models selected according to with-

replacement or without-replacement test modes.

π(λ) represents the joint prior probability distri-

bution of the parameter set in the series system;

since the parameters are mutually independent,

the individual distribution functions are directly

multiplied. Similarly, the Type II risk formula for

series systems is given as:

βs = P (r ≤ Cs|θs ≤ θs1)

=
P (r ≤ Cs, θs ≤ θs1)

P (θs ≤ θs1)

=
P (r ≤ Cs, θs ≤ θs1)

P (θs ≤ θs1)

=

∑Cs

r=0

∫
θs≤θs1

Ps(r) · πs(A)dA∫
θs≤θs1

πs(A)dA

(11)

For the aforementioned integral, since the pa-

rameter set λ contains multiple mutually indepen-

dent parameters, this integral constitutes a multi-

ple integral. Furthermore, the integration region

in the risk formula involves an inequality con-

cerning the system mean time to failure (MTTF),

which must be formulated as a function of the

prior parameter set. This transformation maps the

integration domain from the MTTF to each di-

mension of the parameter set. The mapping rela-

tionships and dimensions are determined by the

component types and quantities within the series

system. Variations in component types and quan-

tities lead to differences in the shape of integration

regions across different scenarios, necessitating

case-specific analysis.

3. Risk Calculation and plan Searching
Based on Monte Carlo Methods

3.1. Theoretical Foundations

For component-level risk integral calculation,

since the exponential distribution contains only

one parameter λ, one-dimensional numerical inte-

gration methods can be directly applied. Although

the integrand form is complex, low-complexity

computation can still be achieved through dis-

cretization. For Weibull-type components, the

Weibull distribution possesses two parameters

(λ, k), yet the integral of complex risk formu-

las can still be realized through layer-by-layer

integration. The specific approach involves first

discretizing the value range of parameter k, then

transforming the inner-layer integral into a one-

dimensional integral problem with respect to λ

alone when k is fixed. The two-dimensional risk

integral result for Weibull-type components can be

obtained by accumulating the inner-layer integral

results through outer-layer loops over k.

Unlike component level risk calculation, sys-

tem level calculation involves multiple compo-

nents, where the integration region typically forms

a simplex region constrained by inequalities com-

posed of individual component parameters. This

leads to progressively increasing integration di-

mensions as the number of components grows.

Moreover, due to the complex form of the inte-

grand and the difficulty in separating integrated

variables, single-layer numerical integration be-

comes necessary, thereby substantially increasing

computational difficulty, as shown in Eq.(12):

F (x, y) =

∫∫
θ(A,B)<θ0

p(x, y)A(x)B(y)dxdy(12)

Furthermore, because system failure modes are

correlated with individual components, the fail-

ure count probability distribution function in the

integrand becomes a coupled common factor en-

compassing all parameters. This disrupts the box-

shaped integration region required for layer-by-

layer integration, rendering such an approach in-

effective and necessitating overall numerical inte-

gration or Monte Carlo methods.

Beyond the difficulties in layer-by-layer in-

tegration caused by coupled common factors,

the growth in integration dimension with in-

creasing component numbers substantially raises

problem complexity. In low-dimensional scenar-

ios, sparse grids can achieve high-precision inte-

gral estimation. However, as dimensionality in-

creases, grid partitioning grows exponentially, re-

sulting in substantial computational costs. In such

cases, interval-truncated Gauss-Legendre integra-

tion methods can be employed. When dimensions

exceed 10, Monte Carlo methods are adopted due
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to their superior generality, though their precision

is comparatively lower than the former two meth-

ods. Additionally, Monte Carlo Simulation meth-

ods inherently exhibit noise, requiring smoothing

treatment.

3.2. Design of Adaptive Dimension
Integrator

The adaptive-dimension integrator is a general

numerical integration framework that ”first auto-

matically switches numerical algorithms based on

the dimension d of the integration domain, then

refines and iterates according to error estimates

during runtime.”

The core of this framework comprises three

integral functions, implementing sparse grid-

based integration, Gauss-Legendre integration,

and Monte Carlo sampling algorithms, respec-

tively. During actual computation, a main function

needs to be developed for specific experimental

scenarios to control the iterative update of test

time T within the test plan (T,C) , thereby enabling

continuous calculation of risk curves and facilitat-

ing subsequent comparison with the system risk

simulation verification framework.

3.3. System Risk Simulation Verification

Based on the risk integral results obtained from

the aforementioned integrator, sampling, approx-

imate integration, and interval truncation tech-

niques are employed during the computation pro-

cess. Consequently, a quantitative error bound

metric cannot be provided regarding accuracy. It

is therefore necessary to model the ”component-

system” two-level test execution process and sim-

ulate results according to actual test procedures,

thereby reflecting the empirical probability dis-

tribution of risks in system tests through large-

scale statistical outcomes. This facilitates quanti-

tative analysis of the computational accuracy of

the adaptive high-dimensional integrator.

3.3.1. Simulation Process and Algorithm
Design

To quantitatively assess the propagation effect

of component-level risks on system-level risks

and verify the accuracy of the adaptive high-

dimensional integrator proposed in section 3.2,

Fig. 1. The Adaptive dimension hybrid integrator

Fig. 2. Flowchart of system risk simulation verifica-
tion

this paper designs a ”component-system” two-

level simulation framework.

The overall workflow is illustrated in Figure 2,

comprising five core steps: generation of lifetime

expectation parameter pools, component-level test

simulation, system-level test simulation, risk in-
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Table 1. Several numerical integrators with their applicability

Numerical Method Dimension Characteristics
Sparse Grid < 5 High precision, computational cost increases with dimension
Gauss-Legendre 5–10 High precision, limited interval width
Monte Carlo Sampling > 10 Lower precision, applicable for high dimensions

dex calculation, and result output.

4. Example Analysis

4.1. Scenario Design

Taking a two exponential component series sce-

nario as an example, risk calculation for individ-

ual test plans is completed based on the adaptive

dimension hybrid integrator. Subsequently, com-

plete risk curves are plotted using the system risk

simulation verification algorithm, and the influ-

ence of component test plan selection on system

test plan risk is analyzed. The specific parame-

ter settings are as follows: assuming the lifetime

expectation of a batch of components is [value],

the test party needs to conduct time-censored tests

on the components before delivery. After delivery,

time-censored tests need to be conducted on the

dual-component series system they constitute. The

specific test parameters are shown in Table 2.

Table 2. Verification scenario parameter settings

Parameter Name Symbol Value Unit
Component test limit [θc0, θc1] [80, 240] h
System test limit [θs0, θs1] [40, 120] h
Component sample size Nc 50,000 -
System sample size Ns 50,000 -
Maximum test time Tmax 500 h
Component allowable failures Cc 1 -
System allowable failures Cs 1 -

4.2. Solution and Data Analysis

By iterating through test times, the component-

system test risk curves can be obtained as shown

in Figure 3 and Figure 4. When identical test times

are assigned to both components and the system, it

is often difficult to simultaneously satisfy the risk

requirements for both.

Therefore, different time variables can be as-

signed to components and the system. When the

component test plan is fixed at (T = 200h, C =

Fig. 3. Component-system test risk curves under the
same test time

Fig. 4. System test risk curves under fixed component
test time

1), the minimum system test time is found to

be approximately 200 hours. Precise test times

and corresponding schemes can be obtained by

consulting the data-exported spreadsheet.

Based on the above analysis, an optimal test

plan combination satisfying the ”component-

system” two-level risk mapping theoretically ex-

ists. Consequently, an optimization problem is for-

mulated as shown in Eq.(13):

minT = Tc + Ts (13)

s.t.

{
risk(Tc, C) < riskc
risk(Ts, C) < risks

By solving the ”component-system” two-

dimensional risk surface, the set of feasible

schemes satisfying test requirements and the opti-

mal scheme are obtained. With a time step of Δt,
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all two-dimensional combinations of component

test time and system test time are traversed. The

scheme with the minimum total test time is finally

obtained as shown in Table 3.Based on this, test

plan points satisfying the four types of risk con-

straints are filtered.

Table 3. A list of feasible plans

Parameter Symbol Unit Plan 1 Plan 2
Component test time tc h 190 115
System test time ts h 90 210
Total test time tall h 280 325
Unit failure limit Cc - 1 1
System failure limit Cs - 1 1
Component Type I risk αc - 0.1862 0.1897
Component Type II risk βc - 0.1961 0.1824
System Type I risk αs - 0.1429 0.1935
System Type II risk βs - 0.1695 0.1569

5. Conclusion and future work

This paper investigates

system-level time-censored testing and risk calcu-

lation. An adaptive dimension hybrid integrator is

constructed to address complex coupling in multi-

component risk integrals. A ”component-system”

two-level collaborative framework is established

for risk calculation and scheme selection, provid-

ing data and algorithmic support for two-level test

planning.

Limitations remain: this study only consid-

ers dual exponential components in series. Fu-

ture work will validate the framework for high-

dimensional multi-component scenarios and ex-

tend to complex structures such as hybrid and

voting systems.
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